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Marek GAGOLEWSKI
Deakin University, School of Information Technology
Melbourne, Australia

Title: Clustering and Aggregation

We will examine a few scenarios where aggregation methods can aid in the construction, analysis,
and evaluation of tools related to data clustering, including linkage criteria, partition similarity
measures, and cluster validity indices. We indicate some noteworthy challenges for both theoretical
and practical future research endeavours.

Libor BĚHOUNEK
University of Ostrava, CE IT4Innovations – IRAFM
Ostrava, Czech Republic

Title: Making the domains of fuzzy sets explicit

The usual definitions of fuzzy set operations assume that the involved membership functions
have the same domain of definition. The common way of dealing with fuzzy sets defined on
different domains is to fill in zeros (or other suitable values) outside the domains of definition.
It can be shown, however, that such modification may introduce spurious values into the results
unless the domains of membership functions are explicitly taken into account. As a remedy, I will
compare several methods of explicitly marking the domains of membership functions and discuss
several ways of extending fuzzy set operations to accommodate the explicit domains. I will present
selected results on such variable-domain operations on fuzzy sets and fuzzy relations and hint at a
few applications in function approximation and fuzzy rules. (Most of the presented results come
from joint work with Martina Daňková.)

Martin HOLEŇA
The Czech Academy of Sciences, Institute of Computer Science
Prague, Czech Republic

Title: Machine Learning Alleviates the Dilemma of Black-Box Opti-
mization

Nowadays, real world optimization problems more and more frequently optimize black-box ob-
jective functions, which are not evaluated analytically, neither explicitly nor implicitly, but rather
empirically by simulations, measurements or experiments. Most successful in their optimization
are stochastic optimization methods, especially evolution strategies, as they make nearly no as-
sumptions about the black-box objective, tend to find its global optimum, and need only its
empirically obtained values, in as many points as possible. On the other hand, the empirical
evaluation of a black-box objective is often costly and/or time consuming, which makes desirable
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to evaluate it in as few points as possible. To alleviate that dilemma, a machine-learning-based
approach has been used for nearly two decades: a model is learned using data from previous
iterations of the optimization method and serves as a surrogate of the true black-box objective
functions in most of its new evaluations. The talk will give a survey of successful surrogate models,
as well as a survey of strategies how to control when to evaluate the true objective and when its
surrogate.

Manuel OJEDA-ACIEGO
University of Malaga
Malaga, Spain

Title: Galois connections between fuzzy unbalanced structures

Galois connections are pervasive structures which have found application in several areas. In
our case, we found them in an important construction in (Fuzzy) Formal Concept Analysis.

We focus on the problem of characterizing the existence of a fuzzy (isotone/antitone) Galois
connection under certain circumstances. Specifically, given a set with a certain structure (fuzzy
preposet/poset/T-digraph) and a function from it to an unstructured set, we look for necessary
and sufficient conditions to give structure to the codomain and find the adjoint of the function.

The path followed aims at considering a properly fuzzy Galois connection in its most general
sense. This leads to a twofold objective: on the one hand, the components of the connection
should be fuzzy functions (in some approaches, although the structure of the domain is fuzzy, the
pair constituting the connection consists of crisp functions); on the other hand, the underlying
fuzzy structure requires certain minimal conditions so that the construction do not collapse.

We will present a survey of results obtained in different instances of the problem above.

Lenka HALČINOVÁ
Pavol Jozef Šafárik University in Košice
Košice, Slovakia

Title: The concept of conditional aggregation

The theory of aggregations is nowadays an important part of mathematics. In the contribution,
we will introduce the concept of conditional aggregation operators. We define novel survival
functions and the generalized Choquet integral based on them. We will discuss their properties
and indicate their possible advantages in applications.
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Two New Generalizations of the
Choquet Integral

WIECZYNSKI Jonata1 and
DIMURO Graçaliz1,2 and LUCCA
Giancarlo2 and BORGES Eduardo2

and BUSTINCE Humberto1

1 Universidad Pública de Navarra
Arrosadia Campus, 31006, Pamplona

Spain
2 Universidade Federal do Rio Grande

Av. Itália km 8, Rio Grande
Brazil

E-mail: jonatacristian.wieczynski@unavarra.es,
{gracalizdimuro, giancarlo.lucca,

eduardoborges}@furg.br, bustince@unavarra.es

The Choquet integral (CI) is an aggregation
function that has been applied to a diver-
sity of problems such as, classification, multi-
criteria group decision-making and computa-
tional brain. This has induced to a variety of
generalizations of the CI, like the CT -, CC-,
and CF -integrals [4,1]. These generalizations fo-
cus on the abstraction of the operation in the
CI integral to more general functions, giving
more flexibility in the application of the inte-
gral. Inspired by those generalizations, we in-
troduced two new ones, the dCF-integral and
the d-XChoquet integral. The first one being
an indirect generalization of the CI via CF -
integral by utilizing restricted dissimilarity func-
tions (RDF) [2] instead of the standard differ-
ence (notice that RDFs were also used in the
d-Choquet integrals [3]). On the other side, the
latter is a generalization of the expanded Cho-
quet integral, that is, the CI formed when we
distribute the product over the standard dif-
ference, by means of the RDFs. To compare
these new CI generalizations to already devel-
oped ones, we apply them in three different
problems: the dCF-integral is applied in classifi-
cation via the Fuzzy Reasoning Method (FRM)
of the Fuzzy Rule-Based Classification Systems
(FRBCS’s) and compared to the CF -integral.
On the other hand, the d-XC-integral is applied
in multi-criteria decision making via the Group
Modular Choquet Random Technique for Or-
der of Preference by Similarity to Ideal Solution

(GMC-RTOPSIS) and in a Brain Computer In-
terface (BCI) Motor Imagery-based (MI) frame-
work. For both cases, the new CI generalization
presented good results and also greater flexibil-
ity in the implementation.

Acknowledgement Supported by Navarra de
Servicios y Tecnologías, S.A. (NASERTIC),
PNPD/CAPES (464880/2019-00), FAPERGS
(19/2551-0001279-9, 19/2551-0001660), CNPq
(301618/2019-4), the Spanish Ministry of Sci-
ence and Technology [PID2019-108392GB I00
(MCIN/AEI/10.13039/501100011033)].
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tions and normal EN -functions: Image
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tion Letters. Vol. 29, Issue 4 (2008) 525
– 536.
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Generalized Choquet integral –
properties and comparison with

the Choquet integral

BASARIK Stanislav1 and
HALČINOVÁ Lenka2

1,2 Institute of Mathematics, Faculty of Science,
Pavol Jozef Šafárik University in Košice

Jesenná 5, 040 01 Košice, Slovakia
Slovakia

E-mail: stanislav.basarik@student.upjs.sk,
lenka.halcinova@upjs.sk

In the contribution we shall deal with the gener-
alized Choquet integral introduced in [2]. This
integral is worth to study because of its possible
implementation in real-life situations and math-
ematical theory, as well. According to an exper-
imental study, it seems the generalized Choquet
integral is a good aggregation that is robust to
outliers.

In the contribution we shall present some
properties of the generalized Choquet integral.
The most of them we derive from the represen-
tation theorem [1](Theorem 4.4, Corollary 5.2).
According to these results, to each monotone
measure space (X, µ) a monotone measure space
(Xµ, Nµ) is assigned, and a nonnegative vector
x on X may be transformed to a function TA,x
on Xµ, such that

CA(x, µ) = Ch(TA,x, Nµ).

In this expression, CA(x, µ) is the generalized
Choquet integral of a vector x and Ch(TA,x, Nµ)
is the standard Choquet integral of function
TA,x : Ê → [0, ∞) defined as TA,x(E) = A(x|Ec),
Ê ⊆ 2X \ {X}, A = {A(·|Ec) : E ∈ Ê } is a
family of conditional aggregation operators and
Nµ(Ê) := min{µ(E) : E ∈ Ê \ Ê}.

The (generalized) Choquet integral is the im-
proper Riemann integral of (generalized) sur-
vival function. Therefore, the relationship be-
tween survival functions (standard and gener-
alized) determines the relationship between the
Choquet integrals. In our paper, see [3], we dealt
with necessary and sufficient conditions under
which survival functions coincide. In this contri-
bution we shall present conditions under which
inequalities will hold.

Acknowledgement The support of the grant
APVV-16-0337, APVV SK-PL-18-0032, vvgs-
pf-2021-1782 is kindly announced.
References:
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During the first two decades of the 21st cen-
tury, there has been a considerable growth in the
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reception of unwanted messages (spam) in SMS,
e-mails or social networks. This reality has led
to the consideration of the search for spam mes-
sage filtering methods as an open problem in
the field of natural language processing within
artificial intelligence [7].

Text data is considered as sequential infor-
mation (characters and words). For dealing
with text-based problems, sequential or recur-
rent models such as recurrent neural networks
have been used [1]. These models use the sum-
mation as aggregation operator, which supposes
that the model does not take into account the
possible interaction among the information.

Choquet integral [6, 5] has been used to con-
sider the interaction among data in several ap-
plications, such as brain-computer interfaces [4]
or multi-criteria decision making [3]. In par-
ticular, as the information we use in recurrent
neural networks is represented by vectors, Cho-
quet integral is used in the vectorial form. This
work presents vector Choquet integral, studies
its properties and applies it to take into account
the possible data correlation. Therefore, vector
Choquet integral operator is used on recurrent
neural network.

We train our model with ham (not un-
wanted messages) and spam messages imbal-
anced dataset (87%, 13%) [7]. The Choquet
integral based model improves the binary clas-
sification comparing with the classical model,
specially when fuzzy measures (which model the
data interaction) are learnt by the model.
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Fusion functions and their most important
subclass, aggregation functions, have been suc-
cessfully applied in fuzzy modeling. However,
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there are practical problems, such as classifi-
cation via neural networks, where the data to
be aggregated are not modeling membership
degrees in the unit interval. In this scenario,
systems could benefit from the application of
operators defined in domains different from
[0, 1], although, presenting similar behavior of
some aggregation functions whose subclasses
are currently defined only in the fuzzy context
(e.g., overlap functions [2] and uninorms [1]).
So, the main objective of this paper is to present
a general framework to characterize classes of
fusion functions with floating domains, called
(a, b)-fusion functions, defined on any closed
real interval [a, b], based on classes of core fusion
functions defined on [0, 1]. The fundamental
aspect of this framework is that the properties
of a core fusion function are preserved in the
context of the analogous (a, b)-fusion function.
Construction methods for (a, b)-aggregation
functions are presented and some properties
are studied. Finally, we introduce a similar
framework to define fusion functions in which
the inputs come from an interval [a, b] but
the output is mapped on a possibly different
interval [c, d], called (a, b, c, d)-fusion functions,
along with some construction methods.
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By Peterson [1] were proposed intermediate
quantifiers which lie between classical quanti-
fiers (∀, ∃). Their mathematical definition was
introduced by Novák [2] and we call these quan-
tifiers as fuzzy intermediate quantifiers. From
relations between fuzzy intermediate quantifiers
(contrary, contradictory, subcontrary, subaltern,
superaltern) can be created graded cube of op-
position which was introduced by Murinová [3].

Similarly as we can create logical syllogisms
from classical quantifiers, we can create several
forms of fuzzy syllogisms from fuzzy intermedi-
ate quantifiers.

Strongly valid fuzzy syllogisms on the first
face of graded cube of opposition were proven
in [2]. The main goal of the presentation will be
to introduce new forms of strongly valid fuzzy
syllogisms that related to the second face and
other faces of graded cube of opposition.
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In real world, interpretation, understanding and
deriving information from natural data using
natural language is very common. One of the
theories that deals with this modern topic is the
theory of syllogistic reasoning. There are several
methods to verify the validity and invalidity of
classical Aristotle’s syllogisms [4] as well as fuzzy
syllogisms. We will focus on Peterson’s interme-
diate syllogisms see [1] which were proposed as a
generalization of classical syllogisms. The first
known method is an application of Venn dia-
gram which was used by Peterson in his book
[1]. Another possible method is to use position
of intermediate quantifiers in Peterson’s square
of opposition. For fuzzy syllogisms with inter-
mediate quantifiers we can apply graded Peter-
son’s square of opposition see [2].

To verify the validity of syllogisms using
(graded) Peterson’s square means to apply Pe-
terson’s rules of distributivy, quality and quan-
tity. In [3], we discussed generalized Peterson’s
rules for fuzzy intermediate logical syllogisms.
The idea of the presentation is to explain all
mentioned rules for Aristotle’s syllogisms as well
as for Peterson’s syllogisms in detail.
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The theory of generalized syllogisms was stud-
ied by several authors as a generalization of
classical Aristotle’s syllogisms [5]. Peterson in
his book [1] proposed intermediate syllogisms as
a generalization of classical syllogisms. There
are several methods how to verify the validity
of classical as well as fuzzy logical syllogisms
with intermediate quantifiers. One of the best
known method is the application of Venn dia-
gram and the subsequent construction of an al-
gebraic proof. Another idea is to use Peterson’s
square of opposition if we are talking about clas-
sical syllogisms. Verifying the validity of fuzzy
syllogisms means the application of graded Pe-
terson’s square of opposition, see [3]. Another
way to verify the validity of fuzzy syllogisms is
the construction of formal (syntactical) proofs
of corresponding syllogisms in fuzzy type the-
ory, see [2].

The above mentioned methods are based on
the mathematical definition of classical/fuzzy
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intermediate quantifiers. The main objective of
this approach is the use Peterson’s rules of dis-
tributivy, quality and quantity. In [4], we dis-
cussed Peterson’s rules for fuzzy intermediate
logical syllogisms. The idea of the presentation
is to explain a logical interpretation of Peter-
son’s rules in fuzzy natural logic.
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Formal modeling of evaluative utterances and
capturing or extracting the sentiment (or ap-
praisal) behind these linguistic expressions is un-
doubtedly a challenge [9]. Typically, both ma-
chine learning algorithms and dictionary tech-
niques (known as “bag of words”) are used for
such tasks [8, 7]. However, machine learning
techniques always need many training data to
improve and cannot fix a particular instance of
the whole created system [6, 5].

Learning algorithms are focused on aspects
of computational performance, such as pro-
viding a value of predictability regarding an
NLP task concerning evaluative constructions.
Such matters can express in which degree an
input might be “grammaticality” accepted or
sentiment-value oriented. However, they do not
characterize “what is going on” regarding the
linguistic idiosyncrasies behind a linguistic eval-
uative expression. These techniques do not pro-
vide enough interesting features from the point
of view of linguistic “explicability”. The con-
structions of evaluative expressions are highly
casuistic with non-prototypical properties and
variables, both in their syntax, semantics, and
sentiment (positive-negative). Therefore, this
research aims to present a new approach based
on a formal interdisciplinary model that charac-
terizes the fuzzy nature and vague information
in evaluative utterances by addressing many of
its nuances and offering “explanatory” idiosyn-
crasies.

In our proposal, we provide a model that com-
bines a fuzzy property grammar [4, 3] and a
fuzzy logic model [2, 1] that successfully char-
acterizes the linguistic phenomena, semantics,
and sentiment (positive or negative) of evalua-
tive expressions. The model takes into account
the four main features when describing evalua-
tive expressions. These main traits are the find-
ings of our research. Firstly, a linguistic evalu-
ative expression’s syntax, semantics, and senti-
ment are both vague and gradient. The vague-
ness and gradience of their syntax and seman-
tics are conditioned in terms of grammaticality
and coercion. Secondly, the semantics of a lin-
guistic evaluative expression can be associated
with a semantic prime with a sentiment value.
Thirdly, every evaluative expression has a sin-
gle lexical unit as an evaluative head. Such
heads have to be defined in terms of prototyp-
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ical and borderline meanings. Lastly, syntac-
tic structures that violate syntactic constraints
detonate semantic intensions equivalent to a se-
mantic prime. Therefore, variability does not
compromise the final processing of the meaning
of the construction. Consequently, our findings
and research provide the basis for creating a lex-
icon of evaluative expressions for future compu-
tational applications.
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An important problem faced when dealing with
imperfect information in fusion processes is that
of the uncertainty regarding the values of the
membership degrees to be employed in fuzzy
modeling. In this scenario, one can apply
interval-valued (iv) fuzzy sets, where the mem-
bership degrees are represented by intervals. A
recurrent issue is the situation where the qual-
ity of information carried by the intervals, ex-
pressed by their widths, suffers degradation dur-
ing the fusion process. So, the main objective
of this paper is to develop a general framework
to construct iv-fusion functions whose outputs
conserve the information quality of the oper-
ated intervals. To achieve that, we first extend
important concepts such as width-limiting func-
tions and width-limited iv-functions, previously
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introduced in [5] to the n-dimensional context.
Then, we present a characterization for any sub-
class of increasing fusion function by their set
of properties, followed by the interval exten-
sion of such characterization to obtain classes
of width-limited iv-fusion functions. We show
that our approach is general enough to retrieve
several classes of iv-aggregation functions from
the literature, such as iv-overlap functions [4,3]
and their generalizations [2,1] Two approaches
for constructing width-limited iv-fusion func-
tions are also presented, which enables the ap-
plication of different subclasses of width-limited
iv-fusion functions in fusion/aggregation pro-
cesses with imperfect information. Finally, we
present a case study in a classification prob-
lem. Specifically, we use IVTURS, a state-
of-the-art iv-fuzzy rule-based classification sys-
tem, and a particular subclass of width-limited
iv-fusion functions (n-dimensional width-limited
iv-overlap functions), showing that the control
of the information quality through width limi-
tation significantly enhances the accuracy of the
classifier.
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One of the current problems is digital foren-
sics is ranking of a big amount of data. Aggre-
gation operators are a mathematical tool that
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can extract a representative value from a pale of
data, and, therefore, are useful in ranking dif-
ferent data, e.g., different recorded crimes.

Model based on the fuzzy integration ([5,2])
for ranking or evaluating objects from a crime
dataset, with respect to criterion previously es-
tablished by an Investigator through an appro-
priate fuzzy measure, has been proposed in [3].
Fuzzy measures allow an Investigator to prede-
fine not only the importance but also the inter-
action of different segments of the investigated
crime datasets.

In the computation of the ranking, the joint
importance of a set of segments needs to pre-
serve the main property of a fuzzy measure, the
monotonicity. The impact of considering two
segments should be stronger than the impact of
each segment on its own, and can be different
from other couple of segments; the impact of
three segments should be stronger than impact
of two segments, and of a single segment.

This amplification of strength continues with
each additional segment. Each step should be
more emphasized than the previous one.

The main topic of this contribution is the
problem of providing an appropriate fuzzy mea-
sure that will reflect the amplification of impor-
tance of the relevant segments. This line of in-
vestigation is based on t-semiconorms [4] and
fuzzy signatures [1].
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Aggregation functions are a kind of functions
that fuse the information of a series of out-
puts in one value, representative of the aggre-
gated values [beliakov2016practical]. It is com-
mon to fuse a set of values where the informa-
tion is faulty or imprecise. In those cases, dif-
ferent mathematical tools can be applied, like
the use of intervals, to model the uncertainty re-
lated to each observation [fumanal2021interval].
Interval-valued aggregations are means to fuse
the information of such kind of inputs, where
the uncertainty related to each input is repre-
sented as the width of the interval.

One of the most popular lines of research
in this topic is the extension of the many
aggregation operators designed for numerical
values to the interval-valued setting [bedre-
gal2017generalized, bustince2013new]. How-
ever, in real-life applications, it is not only
the aggregation operation that matters, we also
need to construct the intervals in a way that
correctly captures uncertainty. Besides, when
multiple features seem to be suitable for the
interval-valued process, we also need to choose
those that will have the greatest positive impact
on the performance of the system.

In this work we propose two different applica-
tions of interval-valued aggregations using the
generalized interval-valued Sugeno integral: in
a brain computer interface and in social Net-
work analysis. For the first case, we can use
the intervals to express the differences in the
prediction for different classifiers for the same
samples, and for the second case, we can use in-
tervals to express the difference in commitment
for the two parts in a relationships, expressed
using affinity functions [idocin2020borgia, fu-
manal2021concept].
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Current work is the follow-up to a paper pre-
sented at AEPIA-ESTYLF Conference [6]. We
worked with multiple fuzzy Sugeno λ-measures
[1] which provide additional information of a
network regardless its connections. On the basis
of those measures (functions forced to be fuzzy
measures [2] and Sugeno λ-measures [3]), sev-
eral representation models were defined [6]: the
multi-dimensional extended vector fuzzy graph
(MEVFG), and the multi-dimensional weighted
graph associated with multiple fuzzy Sugeno λ-
measures. We suggested their specific applica-
tion devoted to community detection problem
(CDP) with additional information. In that
preliminary approach, an algorithm was defined
to incorporate additional information about the
nodes of a graph given by multiple vectors to
the grouping process, to obtain more cohesive
and realistic communities. That method, Multi-
dimensional Sugeno Louvain, based on the Lou-
vain algorithm [7], can analyze and use addi-
tional information apart from the graph struc-
ture. That sophisticated idea of incorporating
additional information to the CDP with fuzzy
measures has been developed by the authors
[10,5]. Nevertheless, the scenario where multi-
ple vectors appear had never been addressed, so
this algorithm needed an evaluation. We work
in a benchmarking [9] process combined with
NMI [4], considering several benchmark models
[8]; each represents a MEVFG with two compo-
nents (matrices), structural and additional in-
formation. We vary the number and size of the
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groups, and the density for both matrices. Mul-
tiple vectors, generated with trapezoidal fuzzy
numbers, define the knowledge from which we
obtain the additional information matrix which
sets the “gold structure”. We show the evalua-
tion of the Multi-dimensional Sugeno Louvain in
the 1-additive version, with equal computational
complexity as the Louvain algorithm. Obtained
results allow us to assert the good performance
of our algorithm. Even in the most complex
structures with asymmetric groups and low den-
sity levels, our partition is almost equal as the
“gold”. We also work with real databases, ob-
taining a good performance with cohesive and
realistic partitions.
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The proposed relationship between L-fuzzy
measures, integrals and isotone concept-forming
operators on a Girard monoid given in [1] has re-
cently been used to define a generalized notion
of Sugeno integral for Atanassov Intuitionistic
L-fuzzy sets, see [2].

We further continue generalizing the construc-
tion aiming at the framework of multi-adjoint
formal concept analysis. At this level of gener-
ality it is still possible to define a multi-adjoint
analogy for lower Sugeno integral at the price
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of slight modifications in the definition of the
underlying adjoint triple.

The notion of upper Sugeno integral requires a
much more complete treatment including nega-
tions, implications with many properties, etc.
and is an interesting piece of future work.
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Fuzzy implication functions have been exten-
sively studied in the last 30 years due to their
wide applications. There are many proper-
ties that fuzzy implications can satisfy. One
of them is the invariance property based on t-
norms which ensures that a fuzzy proposition
has the same value whenever the linguistic mod-
ifiers (based on t-norms) are applied to the an-
tecedent and the consequent (see [2] and [3] for
more details). The other property, related to

the above one, is the inverse invariance property
based on t-norms, where there is a negative re-
lationship between the antecedent and the con-
sequent (cf. [1]).

We generalize the above-mentioned features
to the case when the linguistic modifiers are de-
fined with powers of t-conorms (when S is an
Archimedean, continuous t-conorm) and based
on both triangular norms and conorms powers.
In particular, we characterize invariant and in-
verse invariant fuzzy implication functions with
respect to powers of a t-conorm, defined as be-
low.

Definition 1 We say that a binary function F
is invariant with respect to powers of a t-conorm
S, when F (x[r]

S , y
[r]
S ) = F (x, y) holds for every

r > 0 and for all x, y ∈ [0, 1] such that x
[r]
S , y

[r]
S ̸∈

{0, 1}.

Definition 2 We say that a binary function F
is inverse invariant with respect to powers of a
t-conorm S, when F (x[r]

S , y
[ 1

r
]

S ) = F (x, y) holds
for every r > 0 and for all x, y ∈ [0, 1] such that
x

[r]
S , y

[r]
S ̸∈ {0, 1}.

Next, we introduce four definitions of the
mixed invariance properties. It means that we
consider both the powers of t-norms and powers
of t-conorms in modelling the linguistic modi-
fiers. We present several characterizations for
every general binary function and, as special
cases, for fuzzy implication functions. We show
that one mixed case is usable for a fuzzy implica-
tion function and can be considered in practical
use.
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The importance of obtaining characterizations
of the families of fuzzy implication functions is
threefold: (i) it allows to discover some insights
on potential applications of the concrete family;
(ii) it makes the task to determine the inter-
sections with other families easier and (iii) the
family can be located in the set of all fuzzy im-
plication functions deepening our knowledge on
these operators.

While this line of research has been greatly
investigated throughout the last decades in the
standard [0, 1]-setting (see [4,2]), characteriza-
tions of families of interval-valued fuzzy impli-
cation functions are scarce and several of the
most well-known families are yet to be charac-
terized. In this paper, we focus on the fam-
ily of interval-valued (S, N)-implications from
two different perspectives. The first one was
presented in [3] where the authors propose a
method based on aggregation functions to gener-
ated interval-valued implications. On the other
hand, in [1] the authors consider the genera-
tion of interval-valued implications whose mono-
tonicities are based on admissible orders. Thus,
characterizations of the corresponding interval-
valued (S, N)-implications within these general

approaches are proved. These results consider
either algebraical properties in the interval-
valued setting of the initial interval-valued im-
plication or algebraical properties in the [0, 1]
setting of the underlying (S, N)-implications
used to construct the interval-valued one.
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In 1965 Zadeh [1] introduced a concept of a com-
position of fuzzy relations as follows

(R ◦ S)(x, y) = sup
z∈Z

min(R(x, z), S(z, y)), (1)
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where (x, y) ∈ X × Y, R, S are fuzzy relations
on X ×Z and Z ×Y , respectively (note that the
minimum is now often replaced by any t-norm).
After that this composition has been used for
so called compositional rule of inference. This
rule can be recognized in the following schema
of generalized modus ponens

IF x is A, THEN y is B
IF x is A′

y is B′

in the following way

B′(y) = sup
x∈X

T (A′(x), I(A(x), B(y))), y ∈ Y,

where A, A′, B, B′ are fuzzy sets, T is a t-norm,
I is a fuzzy implication and A′ plays a role of a
unary fuzzy relation.
Later on some other compositions of fuzzy rela-
tions were included:

(R ◁ S)(x, y) = inf
z∈Z

I(R(x, z), S(z, y)), (2)

where (x, y) ∈ X × Y,

(R ▷ S)(x, y) = inf
z∈Z

I(S(z, y), R(x, z)), (3)

where (x, y) ∈ X × Y,

(R□S)(x, y) = (4)

inf
z∈Z

min{I(R(x, z), S(z, y)), I(S(z, y), R(x, z)},

where (x, y) ∈ X × Y.
We call them a subproduct, a superproduct and
a square product of Bandler-Kohout, respec-
tively (see e.g. [2]). Mainly, in approximate
reasoning (1) and (2) are the most popular.

In our contribution, we compare them by ex-
amples which may show one is more appropri-
ate than the other one. Also we investigate the
other Bandler-Kohout products in order to ex-
amine the property of interpolativity and usage
of suitable fuzzy connectives.
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Since the first use of fuzzy rules by E. Mam-
dani and S. Assilian [3], fuzzy rules themselves
as well as the whole fuzzy inference systems
have become a frequent point of investigation.
These investigations were first focusing on ap-
plication aspects; later on, also on their native
mathematical properties and their preservation.
As the syntactical structure of fuzzy rules is
often provided in the conditional (IF-THEN)
form with conjunctive aggregation of the indi-
vidual rules (i.e., validity of all of them at the
same time), the consistency of the rules (occur-
rence of no conflicting rules) became naturally
the primary requirement. This consistency leads
to the preservation of modus ponens and the
preservation of properties can be investigated
via the solvability of fuzzy relational systems.
Therefore, all these three questions are basically
equivalent.

As it has been shown by I. Perfilieva and
S. Lehmke [2] and by I. Perfilieva and V. Novák
[1], the consistency is nothing else but a sort
of Lipschitz-like continuity. This is not sur-
prising, as many results related to the solvabil-
ity of fuzzy relational equations led to the con-
clusion that a fuzzy relation is a solution of a
given system if the consequents are sufficiently
“close to each other” with respect to the “close-
ness” of antecedents. However, if we come back
to the motivation coming from the syntactical
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level, the whole scheme from consistency to con-
tinuity can be questioned at the very begin-
ning for the Mamdani-Assilian rules. Indeed,
these rules semantically do not model the used
syntactical conditional (IF-THEN-AND) form,
but they rather model conjunctive connections
of antecedents and consequents and such par-
ticular connections are then aggregated disjunc-
tively (AND-OR form of rules). And if in such
a form we have two rules with identical an-
tecedents and disjoint consequents, no conflict
occurs, we do not cause any inconsistency, we
only claim two possibilities: for the input equal
to the same antecedent A, the output can be B1
or the output can be B2. This finding is very
simple, straightforward, and reflected also in [4],
though it is rather uncommon in the majority of
literature.

But its direct consequence is that the require-
ment of consistency is not that reasonable for
the Mamdani-Assilian rules, and if we keep it,
we implicitly impose the continuity requirement
although Mamdani-Assilian rules have the abil-
ity to model even situations that are not func-
tional, e.g., decision-making situations with sev-
eral disjoint yet admissible conclusions. But
what is then “the” property to be required for
the Mamdani-Assilian rules? This lecture will
attempt to foreshadow the answer as well as to
uncover the relationship to the commonly stud-
ied solvability of fuzzy relational equations.
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Starting from the works of Sanchez [7,6], linear
systems of fuzzy relation equations and inequal-
ities have drawn a huge attention of researchers,
due to their application in fuzzy control, dis-
crete dynamic systems, identification and pre-
diction of fuzzy systems, decision-making, etc,
cf. [8,2]. A vast number of papers deals with
finding the solutions of these systems as well as
the structure of solutions. If the linear system
does not have the exact solution then it is desir-
able to find a fuzzy relation which is a solution
of the system to a sufficiently high degree, and
the problem of finding approximate solutions to
linear systems has also been well studied in the
literature, see [8,3].
In this talk, we aim to find approximate so-
lutions to the so-called weakly linear systems
(WLSs) of fuzzy relation equations and inequal-
ities over complete residuated lattices which
have been applied in the fuzzy automata theory,
concurrency theory and social network analysis
[5,4,1]. Although these systems are always solv-
able, due to the very strict criteria their solu-
tions must satisfy, often only the trivial solu-
tion exists. Therefore, in the current work we
relax such criteria by considering the set of all
fuzzy relations which are solutions to WLSs in
the given degree. We examine properties of the
set of all fuzzy relations which are solutions to
the corresponding WLSs at least in the chosen
degree from a complete residuated lattice. Fur-
thermore, we give a method for determining the
greatest element of such set. Some open prob-
lems regarding finding and computing approx-
imate solutions to WLSs which are fuzzy pre-
orders or fuzzy equivalences are also discussed.
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Within the universes where no structure apart
from an order is considered, for instance, in
the qualitative approach to decision making, the
maxitivity of aggregations functions plays role of
the qualitative counterpart to the additivity. In
fact, the class of all maxitive aggregation func-
tions is quite poor, since it consists exactly of
the maxima of distorted inputs.

One of the genuine properties of Sugeno inte-
gral is the comonotone maxitivity, i.e., property
where maxitivity is required just for comono-
tone inputs. Thus, comonotone maxitivity can
be regarded as a generalization of the maxitivity.
While comonotone additivity fully characterizes
the Choquet integrals, the class of all comono-
tone maxitive functions is much wider than the
class of the Sugeno integrals. It was shown in [1]
that the class of all comonotone maxitive aggre-
gation functions coincides with the class of the
so-called level-dependent Sugeno integrals.

Another generalization of maxitivity was re-
cently studied in [2], where the so-called k-
maxitive aggregation functions were introduced.
They extend the notion of maxitive aggregation
functions in the similar way as k-maxitive fuzzy
measures extend the notion of maxitive fuzzy
measures. The authors have proved that all k-
maxitive aggregation functions are the maxima
of aggregation functions depending just on k in-
puts. Each Sugeno integral with respect to a k-
maxitive fuzzy measure is a k-maxitive aggrega-
tion function, though a k-maxitive aggregation
function need not be a Sugeno integral w.r.t.
k-maxitive fuzzy measure. It was shown in [4]
that Sugeno integrals based on k-maxitive fuzzy
measure coincide exactly with idempotent lat-
tice polynomials with degree at most k.

The aim of this contribution is to study
comonotone k-maxitive aggregation functions,
i.e., aggregation functions fulfilling k-maxitivity
for comonotone inputs, similarly as it was pre-
sented for comonotone k-additive aggregation
functions in [3] where the so-called k-Choquet
integrals were studied. We characterize all
comonotone k-maxitive aggregation functions
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and clarify the relation between comonotone k-
maxitive aggregation functions and Sugeno in-
tegrals, level-dependent Sugeno integrals and
Sugeno integrals w.r.t. k-maxitive fuzzy mea-
sure.
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In ordinal sums of conjunctive and disjunctive
functions, the averaging part is covered by any
averaging function [1, 4]. This structure is con-
venient for classification into the classes yes, no
and maybe when task is expressed by a short
story [5]. Concerning the averaging part (class
maybe), we observe that functions having anni-
hilator 0, or ORNESS measure lower than 0.25
(this value holds for two attributes) are not suit-
able due to A(1, 0) = 0. The same observation
holds for functions having annihilator equal to 1.
The classification of edges in images has reached
to the same conclusion, but for uninorms [3].
Hence, an option might be a parametric class
of quasi-arithmetic means with the range be-
tween the geometric mean and its dual geomet-
ric mean. This consideration creates the frame
for learning function’s parameter form the la-
belled data. The future work should consider
further classes of functions suitable for any ar-
ity in the aforementioned range of so called-
soft conjunctively and soft disjunctively polar-
ized averaging functions [2], and experiments
on data. Regarding the conjunctive part (rele-
vant for class yes), we assume that parametrized
nilpotent function is adequate for classification
tasks. The dual observation holds for the dis-
junctive part. This research activity also con-
tributes to the field of explainable artificial in-
telligence.

Acknowledgement The support of the grants
VEGA 1/0006/19 and KEGA No. 025EU-4/
2021 of the Ministry of Education, Science, Re-
search and Sport of the Slovak Republic; and
SGS No. SP2021/86 of the Ministry of Educa-
tion, Youth and Sports of the Czech Republic
are kindly announced.
References:

[1] De Baets, B., Mesiar, R.: Ordinal sums of
aggregation operators. In: Technologies for
Constructing Intelligent Systems, Springer.
Vol. 2 (2002) 137—147.



36 FSTA 2022

[2] Dujmović, J.: Soft Computing Evaluation
Logic: the LSP Decision Method and Its
Applications. Wiley–IEEE Computer So-
ciety, Hoboken (2018).

[3] González-Hidalgo, M., Massanet, S., Mir,
A., Ruiz-Aguilera, D.: A New Edge De-
tector Based on Uninorms. In: Infor-
mation Processing and Management of
Uncertainty in Knowledge-Based Systems
(IPMU). Montpellier, July 15–19 (2014).

[4] Hudec, M., Mináriková, E., Mesiar, R.,
Saranti, A., Holzinger, A.: Classification
by ordinal sums of conjunctive and dis-
junctive functions for explainable AI and
interpretable machine learning solutions.
Knowledge-Based Systems. 220 (2021)
106916.

[5] Hudec, M., Mesiar, R., Mináriková, E.:
Applicability of Ordinal Sums of Conjunc-
tive and Disjunctive Functions in Clas-
sification. 19th World Congress of the
International Fuzzy Systems Association
(IFSA), 12th Conference of the Euro-
pean Society for Fuzzy Logic and Technol-
ogy (EUSFLAT), and 11th International
Summer School on Aggregation Opera-
tors (AGOP). Bratislava, September 19-24
(2021).

Linguistic Summaries in
Interpretable Classification by

Ordinal Sums

MINÁRIKOVÁ Erika1 and HUDEC
Miroslav1,2

1 Faculty of Economic Informatics, University
of Economics in Bratislava

Dolnozemská cesta 1, 852 35 Bratislava
Slovak Republic

E-mail:
{erika.minarikova,miroslav.hudec}@euba.sk
1,2 Faculty of Economics, VSB - Technical

University of Ostrava
Sokolská třída 33, 702 00 Ostrava

Czech Republic
E-mail: miroslav.hudec@euba.sk

In order to trust the classification output, the
results should be explainable and interpretable.
Classification by ordinal sums of conjunctive
and disjunctive functions provides explainable
solution [1, 2], which is interpretable graphi-
cally for two input (elementary or compound)
attributes and a smaller amount of data. But
the problem occurs when the classification is re-
alized by more input attributes and on a larger
amount of data. A domain expert might wish to
know not only to which class each item belongs,
but also the data distribution among the classes.
Linguistic quantifiers [3, 4] express the distri-
bution of the items among classes [5]. For the
better representation of classification results, we
mine and interpret the most relevant quantified
linguistic summaries. If summaries show that al-
most all items are in one class, it triggers the sus-
picion of miss calculated parameters or maybe
some anomality in data happened. The causes
of the results can be investigated thanks to the
explainable model. Based on the data distri-
bution in classes, the classification model can
be adjusted accordingly. In addition, linguistic
summaries are able to aggregate a subset of el-
ementary input attributes into a compound one
(e.g., the most of elementary attributes should
have low values). Thus, we show that the same
concept of linguistic summarization is applica-
ble in interpreting results and in aggregating el-
ementary attributes.
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In this contribution parameterized families of
interval-valued aggregation functions, proposed
in [4] (Chapter 2) are considered. These in-

terval-valued aggregations fulfil monotonicity
conditions with respect to diverse orders (cf.
[1,4,5,6]). They are applied as a tool to aggre-
gate the prediction values of constituent clas-
sifiers in the algorithm which is a collection
of classifiers [5]. The interval-valued aggrega-
tion functions are compared and discussed in
the context of improving the performance of the
classifier. The parameterized families which are
most suitable to apply in the classification algo-
rithm are distinguished.
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Fuzzy logic (FL) control introduced by
L. Zadeh [1] can be viewed as an efficient way
to mathematically formalize a control algorithm
expressed in words without knowledge of how
the controlled system works: an expert formu-
lates control rules in a form of “IF-THEN” state-
ments, each of them is formalized using two pos-
sibility distributions of the input and the output
variables of the fuzzy controller. Zadeh FL pro-
vides a simple algorithm to compute a value of
the output variable based on a value of the in-
put variable, however, this algorithm is purely
heuristic. Our goal is to propose an alterna-
tive approach which would allow to formalize
the control rules in a similar manner but com-
pute the outputs in a more founded way.

In the probabilistic framework, the problem of
optimal control can be formulated as a Bayesian
decision-making problem. In this case, both
the input variable ξ ∈ X and the output vari-
able α ∈ A are considered random. To let a
probabilistic model look like a system of fuzzy
rules, we propose to introduce another latent
variable γ — a random number of a rule from
1 to n. Any “IF-THEN” rule then can be de-
fined with two conditional probability distribu-
tions pξ|γ and pα|γ, considered as the constraints
on a joint probability distribution pξ,α,γ:

pξ|γ(x | g) =
∫
A

pξ,α|γ(x, a | g) da, pα|γ(a | g) =

∫
X

pξ,α|γ(x, a | g) dx, g = 1, . . . , n, (1)

and interpreted as follows:

“IF the distribution of ξ is pξ|γ(· | g), THEN
the distribution of α is pα|γ(· | g)”,

g = 1, . . . , n.

The proposed approach keeps the “frontend”
of Zadeh FL control: the conditional distribu-
tions pξ|γ(· | g) and pα|γ(· | g) are given by the
expert, this is the way the expert defines the sys-
tem of the “IF-THEN” control rules. The “back-
end” is quite different: firstly, the joint proba-
bility distribution pξ,α,γ satisfying all the restric-
tions (1) is found, then the optimal Bayesian
decision-making strategy based on pξ,α,γ is used
to compute the outputs of the controller.

In our talk we will demonstrate how this
approach can be used to control accelera-
tion/deceleration of an unmanned vehicle in a
scope of a computer model.
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The presented study is focused on the compar-
ison of the frequency of plant species, as well
as species composition when comparing conven-
tional tram tracks with green tram tracks (with
planted succulents and ornamental plants) in
Bratislava. This comparison also provides an in-
sight into the changes of the flora of tram tracks
over time, as we compare the results of the older
research (from the years 2014–2019) with recent
research on green tram tracks, which were built
in Bratislava in 2020. The data were analysed
by cluster analysis [3], Sign test and Wilcoxon
two-sample test [2] in R [3]. The results re-
vealed significant differences in the composition
of flora between conventional tram tracks and
green tram tracks. In particular, the total num-
ber of species has decreased over time, as green
tram tracks host fewer spontaneously growing
taxa than conventional ones. The frequency of
occurrence of archaeophytes and neophytes has
decreased on the strict rail yard (covered by
planted succulents) while on the tracksides (cov-
ered by non-succulent ornamental plants) it has
increased.
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The fuzzy (F-)transform is a useful tool in data
analysis and processing. Recall that the F-
transform was introduced for one-dimensional
functions in [4] and further extended to higher
dimensional functions in [3]. Among the most
important features of the F-transform belong
higher frequency filtering and noise reduction,
which was used in time series analysis in [2]. As
a result of this analysis was a theoretical ver-
ification of the applicability of F-transform for
trend-cycle estimation in time series modeling,
which, among other things, initiated the theo-
retical research on the F-transform of stochas-
tic processes and time series as their realiza-
tions. All results on F-transform of stochas-
tic processes were obtained by “ad hoc” defi-
nition of F-transform, where the definition for
real (complex) value functions was retained for
stochastic processes, only the standard Rie-
mann integral was replaced by the mean square
Riemann integral of stochastic processes (see,
e.g., [1]). It is well known that the compo-
nents of the F-transform of real (complex) val-
ued functions are orthogonal projections to a
subspace of polynomials in weighted Hilbert
spaces of the respective functions. A natural
question is whether we can introduce weighted
Hilbert spaces of stochastic processes and nat-
urally define the F-transform of stochastic pro-
cesses within this space. The aim of the talk is
to show that a positive answer to this question
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can be achieved by so-called (weighted) Bochner
spaces of random processes, where the orthog-
onal projection leads to a subspace of random
polynomial. We demonstrate that the previ-
ously used “ad hoc” definition is correct. In ad-
dition, we present an interesting result on auto-
correlation functions (see, [1]) saying that the
F-transform of an autocorrelation function (a
complex-valued two-dimensional function) coin-
cides with the autocorrelation function of the
F-transform of a stochastic process (a complex-
valued one-dimensional stochastic process).
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The (non-)existence of hidden variables in quan-
tum mechanics was a subject of a long debate to
which many top experts contributed. In math-
ematical terms, hidden variables correspond to
two-valued states (Dirac probability measures),
which determine answers to all possible experi-
ments (although the answers may remain hid-
den to us). Their non-existence follows from
the Gleason Theorem [8]. Its proof is quite
advanced, while the conclusion concerning two-
valued states admits easier proofs, e.g. [9,6,5,2].

A more difficult question is the existence of
states with values in the symmetric group Z2,
formulated in [3]. This means that in each par-
tition of unity an odd number of elements must
be evaluated by 1, instead of exactly one ele-
ment. It was found that Z2-valued states exist
in dimension 2 and do not exist in dimensions
≥ 4 [7,4,3]. The case of dimension 3 was un-
solved for a long time. We present an overview
of arguments used in the Kochen–Specker type
of constructions and a proof of the non-existence
of Z2-valued states also for dimension 3, follow-
ing [1].
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Fuzzy modifiers are mappings in the space of
fuzzy subsets of the universe. Their introduc-
tion was motivated by linguistic constructions
like “very . . . ”, ’lq‘slightly . . . ”, “extremely . . . ”,
etc (see [3, 1]). One of the construction methods
for modifiers is provided in [2] where for a fuzzy
subset A and a fuzzy relation R on the universe
X the modified subset is

RC (A)(x) = sup{C (R(t, x), A(t)), t ∈ X},

where C is a conjunctor on the unit interval. We
deal with convexity of modified subsets, namely,
under which conditions the modifier preserves
convexity, as it was defined in [4]. We show that
for an ordered discrete universe X the convexity
is preserved in the case when R is reflexive, sym-
metric and compatible with the order in X, i.e.,
if x ≤ y ≤ z, then R(x, y) ≥ R(x, z). We also
study related problems for lattice-valued fuzzy
sets.
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The concept of betweenness is a crisp or fuzzy
relation that reflects the position of an element
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b between two elements a and c. We will follow
the definition proposed by [4], by which a be-
tweenness structure is a pair ⟨X, B⟩, where X is
a set and B : X3 → {0, 1} is a ternary relation
on X, satisfying the following axioms: [B1] In-
clusivity: B(x, x, y) = B(x, y, y) = 1, [B2] Sym-
metry: B(x, y, z) = B(z, y, x) and [B3] Unique-
ness: B(x, y, x) = 1 implies x = y.

In the literature, we can find several attempts
to fuzzify the idea of betweenness [2,1]. Our
proposal is the following:

Definition 1 Let X be a set and B : X3 →
[0, 1] a ternary relation on X. B is called a
fuzzy betweenness if it satisfies the following ax-
ioms:

[B1)] B(x, x, y) = B(x, y, y) = 1

[B2)] B(x, y, z) = B(z, y, x)

[B3)] B(x, y, x) = 1 ⇒ x = y

It is clear that Definition 1 extends the idea of
crisp betweenness.

The notion of convexity is a basic mathemat-
ical property that is used to study several kinds
of situations. In the literature, different types
of convexity have been introduced but only a
few regarding both convexity and betweenness
such as [4,3]. It should be pointed out that con-
vexity is one of the most significant features in
the research of geometric properties not only of
classical sets, but also of fuzzy sets, so it could
be interesting to study convexity on a fuzzy be-
tweenness structure.

The main purpose of our work is to study re-
lations about fuzzy betweenness and crisp con-
vexity. From this starting point, we have stud-
ied, for instance, a characterization of functions
that generate a betweenness structure on a met-
ric space.
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We build on recently published paper written by
Boczek et. al [1], where the Choquet-Sugeno-
like operator for bounded nonnegative functions
on X was introduced. The Choquet-Sugeno-like
operator takes the form

CSL
H ,A,Â

(f, µ, µ̂) =

sup
D∈H

∑
(C,D)∈R

L(A(f |C), Â(f |D), µ(C), µ̂(D)),

where two families A and Â of conditional aggre-
gation operators [2], some decomposition system
H and a binary relation R between the condi-
tional sets are taken into account. Here µ̂ is
a real-valued grounded set function and µ is a
monotone measure on a σ-algebra Σ of subsets of
X. When restricting to X = [n], single element
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decomposition system H = {Σ} and operation
L = ◦ depending on the last two arguments only,
we get the special case of Choquet-Sugeno-like
operator of the form

CS◦
H (µ, µ̂) =

∑
(C,D)∈R

µ̂(D) ◦ µ(D). (1)

The above formula may be understood as a
(discrete) integral of some set function with re-
spect to a monotone nonnegative grounded set
function, i.e., with respect to a monotone mea-
sure. In our contribution, we provide interpre-
tations and some properties of the operator (1)
as well as its modified version when ◦ is not
commutative. In that case we get the opera-
tor ∑(C,D)∈R µ(D) ◦ µ̂(D) providing integration
of a monotone measure with respect to a real-
valued grounded set function. Further, we de-
scribe the relations with the existing discrete
integrals. This concept covers the asymmetric
Choquet integral and we provide its interpreta-
tion in the terms of set functions. We also indi-
cate possible new approaches to modifying that
operators by the transformation of set functions.
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A new integral representation for coherent lower
previsions, defined on the class of all bounded
random variables and defined on a finite sam-
ple space Ω, has been introduced in [2], [1]. It
is based on the Super-Additive integral, which
is obtained by shift-invariant collection integral
with respect to a collection C and a monotone
set function µ. One of the most interesting re-
sults proven in the quoted papers is that given
any monotone set function and a collection of
disjoint subsets of Ω a shift-invariant collection
integral can always be defined and so in this case
the Super-Additive integral exists. In this pa-
per the given integral representation is extended
to coherent lower conditional previsions with re-
spect to a conditioning event B. Conditioning to
an event B implies to consider a new collection
CB whose elements are obtained by the intersec-
tion of the elements belonging to C with the set
B. Preference orderings with respect to a coher-
ent conditional lower prevision represented by a
Super-Additive integral are investigated. Suffi-
cient conditions on the monotone set functions
used to define the Super- Additive integral are
proven such that a random variable X is prefer-
able with respect to another random variable
Y . In particular they are required to share the
same null sets in the collection CB. Equivalences
between two random variables are also investi-
gated with respect to the conjugated coherent
conditional upper prevision. The model of co-
herent lower conditional previsions based on the
Super-Additive integral can be applied to de-
scribe situations where different decision mak-
ers, whose partial knowledge is represented by
different monotone set functions, share the same
information and agree on the preference order-
ings between random variables.
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Due to its associativity, any triangular norm
T : [0, 1]2 → [0, 1] (t-norm for short) can
be uniquely extended to an n-ary function
T : [0, 1]n → [0, 1], thus we can consider the so-
called extended functions T : ⋃

n∈N
[0, 1]n → [0, 1].

Note that we keep the notation T for any ar-
ity n ∈ N, with convention T (x) = x for
n = 1. For more details see, e.g., [4,2]. In
several cases, for high dimensions only several
smallest values of the input n-tuple (x1, . . . , xn)
have a real impact on the value T (x1, . . . , xn).
For example, for the minimum t-norm TM we
have TM(x1, . . . , xn) = TM(x(1)) = x(1), for any
n ≥ 1, and the drastic product TD gives the
value TD(x1, . . . , xn) = TD(x(1), x(2)), n ≥ 2.
Note that x(1) denotes the smallest value and
x(2) the second smallest value of the related in-
put n-tuple. The above fact has inspired us to
consider the following classification of triangular
norms.

Definition 1 Let n ∈ N. A t-norm T is called
an n-outliers-based t-norm whenever for any in-
put (x1, . . . , xn+1) ∈ [0, 1]n+1 we have

T (x1, . . . , xn+1) = T (x(1), . . . , x(n)). (1)

Obviously, (1) is equivalent to T (x1, . . . , xn+k) =
(x(1), . . . , x(n)) for any k ≥ 1.

Let Tn, n ∈ N, denote the set of all n-outliers-
based t-norms. In this contribution, we give
some results concerning outliers-based t-norms,
for example:
• T1 = {TM};
• T1 ⫋ T2 ⫋ T3 ⫋ · · · ⫋ T , where T is the set
of all t-norms.

Let us denote the set of all proper n-outliers-
based t-norms by T ∗

n , i.e.,

T ∗
n = Tn \ Tn−1,

with convention T0 = ∅, and T ∗ = T \ ⋃
n∈N

Tn.
Then

{T ∗
1 , . . . , T ∗

n , . . .} ∪ {T ∗}

is a partition of the set of all t-norms T ;
• For an ordinal sum of t-norms T =
(⟨ak, bk, Tk⟩, k ∈ K ), let Tk ∈ T ∗

vk
for each k ∈

K . Then T ∈ T ∗
v , where v = sup{vk | k ∈ K };

• Let f : [0, 1] → [0, 1] be a strictly decreasing
function on [0, 1] with f(1) = 0, continuous on
[0, 1[. Put n = ⌈f(0)/f(1+)⌉, where ⌈·⌉ denotes
the ceiling of a considered element, and define a
function T : [0, 1]2 → [0, 1] by

T (x1, x2) = f−1(min(f(0), f(x1) + f(x2))).

Then T ∈ T ∗
n and

T (x1, . . . , xn, . . . , xn+k) =

f−1
(

min
(

f(0),
n∑

i=1
f(x(i))

))
.

Observe that (n + 1)-contractive t-norms
[1,3] characterized by T (x1, . . . , xn+1) =
T (x1, . . . , xn) whenever x1 = · · · = xn = xn+1,
are closely related to n-outliers-based t-norms.
In fact, for n = 1 both sets coincide, and in gen-
eral, each n-outliers-based t-norm is also (n+1)-
contractive. Therefore, a necessary condition
for T ∈ T ∗

n is the idempotency of the related
nth diagonal δn given by δn(x) = T (x, . . . , x)
for any x ∈ [0, 1] and the corresponding n-tuple
(x, . . . , x).

Acknowledgement The authors kindly ac-
knowledge the support of the project APVV–
18–0052 the grants VEGA 1/0006/19 and
1/0267/21.
References:

[1] C. Alsina, M. J. Frank, and B. Schweizer,
Associative functions: Triangular Norms
and Copulas. World Scientific Publishing
Co. Pte. Ltd., Hackensack, NJ, 2006.

[2] A. Ciabattoni, F. Esteva, and L. Godo, T-
norm based logics with n-contraction. Neu-



Abstracts 45

ral Network World 12(5) (2002) 441–453.

[3] E. P. Klement, R. Mesiar, and E. Pap, Tri-
angular Norms. Kluwer Academic Publish-
ers, Dordrecht, 2000.

[4] A. Mesiarová, The structure of n-
contractive t-norms. Internat. J. General
Syst. 34(5) (2005) 625–637.

On the cardinality of the
branching set in the z-ordinal sum

construction

MESIAROVÁ-ZEMÁNKOVÁ Andrea1

1 Mathematical Institute, Slovak Academy of
Sciences

814 73 Bratislava
Slovakia

E-mail: zemankova@mat.savba.sk

The z-ordinal sum construction, which extends
the Clifford’s ordinal sum [3] also for partially
ordered families of semigroups, was introduced
in [1] for characterization of idempotent n-
uninorms and in [2] it was used for character-
ization of n-uninorms with continuous underly-
ing functions. The z-ordinal sum construction
enables us to construct non-decreasing func-
tions on the unit interval with an annihilator
inside the unit interval, such as nullnorms and
n-uninorms, while in the case of the ordinal sum
the annihilator of such functions is always on
its boundary, i.e., at 0 or at 1. Similar as in
the case of n-uninorms with continuous under-
lying functions, the structure of any commuta-
tive, associative, non-decreasing function which
is continuous on the diagonal and has continu-
ous Archimedean components can be described
using the z-ordinal sum construction.

The z-ordinal sum can be always expressed in
its basic and reduced form, i.e., such that the
semigroups with duplicate carriers are removed
and all semigroups from the branching set are
trivial. Moreover, it is always enough to assume
only the minimal branching set, which is a sub-
set of the branching set containing only such
indices which are the meet for at least one pair
of incomparable indices.

We will discuss the cardinality of the minimal
branching set related to a function defined on
the unit interval constructed via z-ordinal sum.
Recall that if the branching set is empty then
the z-ordinal sum coincides with standard or-
dinal sum. We will show several examples of
monotone functions with finite branching sets,
of monotone functions with countable infinite
minimal branching sets, and of non-monotone
functions with uncountable minimal branching
sets. Finally, we show that the minimal branch-
ing set, which corresponds to a monotone func-
tion defined on the unit interval, constructed by
z-ordinal sum, is always countable.
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The fuzzy transform was proposed by Perfilieva
in [1] and became a very useful tool in many ap-
plications such as signal and image processing,
compression, denoising, data analysis, etc. The
fuzzy transform consists of two phases: direct
and inverse. The direct phase produces a vec-
tor of fuzzy transform components by combin-
ing so-called basic functions that form a fuzzy
partition of the domain space with the origi-
nal function. The inverse phase is a linear-like
combination of a vector of fuzzy transform com-
ponents and basic functions, which leads to an
approximation of the original functions. In [3],
we proposed two types of integral transforms
based on a Sugeno-like integral (see [4,5]) and
a fuzzy relation (integral kernel) for functions
whose values belong to a complete residuated
lattice that generalize the lower and upper fuzzy
transform for lattice-valued functions also intro-
duced in [1]. In the current paper [2], we demon-
strate that a function can be reconstructed us-
ing integral transforms. In addition, we show
that integral transforms can be used to filter
biased values of “noisy” functions, which is a
new feature that improves lattice-valued fuzzy
transform and brings it closer to the fuzzy trans-
form for real or complex-valued functions. The
aim of the talk is to present an extension of
integral transforms to two-dimensional lattice-
valued functions. We will show an extension of
Sugeno-like integrals, integral kernels, and fuzzy
measures for a two-dimensional case. In ad-
dition, we will apply the extension of integral
transform in image processing.
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It is well-known among mathematicians that
closure operators and closure systems are re-
lated. In the classical case, there is a one-to-one
relation between these concepts. In the fuzzy
case, this relation has been studied in two differ-
ent levels, first considering fuzzy closure systems
as crisp sets with fuzzy properties [4, 2] and then
considering them as fuzzy sets [1,3]. In both
cases, fuzzy closure operators and fuzzy closure
systems are related in the same manner as in
the classical case. In this work, the concept of
closure operator is extended to a fuzzy relation
in a complete fuzzy lattice, and the existence
of a one-to-one relation between fuzzy closure
systems and fuzzy closure relations is studied.
First, a suitable definition of fuzzy closure rela-
tion must be established, using the existing def-
initions in the literature as a start point. Next,
once the definition is set, one must find two func-
tions such that fuzzy closure systems map to
fuzzy closure relations and vice versa. Finally,
this correspondence is proved to be one-to-one.
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Firstly, we consider a discrete universe X with
a fuzzy partition in which we distinguish be-
tween points and nodes [1, 3]. Fuzzy partition is
a natural way how to establish closeness within
X. The binary relation of closeness is defined on
pairs of the type (node, point) – in such a way
that its values are equal to the corresponding
basic function values. This gives rise to a rectan-
gular adjacency matrix W describing a certain
graph structure G on the data. The vertices of
G are nodes and points, and its edges connect
only those pairs with positive closeness. By this
initial setting, we introduce a space that is more
general than a metric space.

Next, we consider the set F of all real func-
tions defined on the graph vertices and the
set H of all real functions defined on the graph
nodes. The F-transform linearly maps F to
H . Therefore, the direct F-transform of a func-
tion u ∈ F is the image of D−1W , where
D is the weighted diagonal matrix of W , i.e.
F [u] = D−1Wu. The goal of this contribution
is to characterize all preimages of F [u], given u.

We show that the set of preimages of F [u] is
a similarity (equivalence) class of u, where the
similarity is established on F in the sense that
similar functions are mapped on the same node
function in H . Moreover, this approach pro-
vides a means how to “reconstruct” a represen-
tative function from the similarity class, given
its F-transform components.

Finally, the solution to the above discussed
preimage problem is presented from three dif-
ferent perspectives, utilizing a singular value
decomposition [2] of W . The aforementioned
propositions are supported by numerical exper-
iments.
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Operators of mathematical morphology: ero-
sion, dilation, opening and closing, were intro-
duced initially in connection with the study of
geological problems in 20-30ies of the previous
century. Later these operators served as a basis
for creation of a full-fledged theory known now
as (Fuzzy) Mathematical Morphology. First the
scope of this theory was restricted by operators
transforming crisp subsets of linear spaces (see
e.g. [1]), further it was extended for the case
of operators dealing with fuzzy subsets of linear
spaces (see e.g. [4], [3]), and finally it expanded
for the general case when operators are defined
on certain abstract algebraic structures, e.g. on
quantales. The main criteria for all these ex-
tensions was satisfaction of the properties anal-
ogous to the basic properties of the “classical”
operators of mathematical morphology, that is,
duality and adjuction between erosion and dila-
tion, see e.g. [5], [2].

In this talk we shall present some results
about aggregation of morphological operators in
the abstract, algebraic, framework as well as in
case when they are defined on linear spaces and
operate with crisp or fuzzy subsets of these sets.
The specificity of the aggregation problem in
case of morphological operators led us to the
idea to use certain dual pairs of operators (∗, ⋄),
say, ∗ for aggregation of erosion and ⋄ for ag-
gregation of dilation. Although we view aggre-
gation based on the (∧, ∨)-pair as the first and

the most successful in the sense of its interpre-
tation and usefulness of the results obtained in
this framework, we will discuss also the appro-
priateness of other pairs (∗, ⋄) for aggregation of
morphological operators.
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Laplace operator is an important but ambiguous
concept throughout natural sciences. It appears
e.g. in graph theory, computer science, or field
theory. Every research area however considers
its own customized version of this operator, de-
pending on further plans on its utilization. And
even though they all can call it by the same
name, each definition and what is more impor-
tant - respective underlying space - are different.

Nowadays, this operator attracts attention
mainly in image and signal processing applica-
tions [1]. For this reason, we investigated this
operator from a more general point of view.
Laplacian acts as an operator on functions. And
although these functions themselves consider
the underlying space as just a set of points, the
concept of the Laplace operator requires the no-
tion of the structure of the space.

In literature, you can observe two main pos-
sibilities of definition which differ one from an-
other in the following way. The first one, the
Laplace-Beltrami operator, defined by the di-
vergence of the gradient, is well known in eu-
clidean space and can be considered as a con-
tinuous variant of the Laplace operator. In the
continuous setting, the structure of the space de-
termines computation of the gradient. Secondly,
in the discrete case, Laplacian, being a linear
operator, can be represented by a matrix, com-
monly called the graph Laplacian. The space
structure here means determining the weighted
graph. As shown by the work of Belkin [3], these
two concepts are connected, because under cer-
tain conditions, the graph Laplacian converges
to the Laplace-Beltrami operator.

In this contribution, we will discuss the var-
ious ways in which these operators can be in-
troduced in relation to the corresponding space.
Moreover, we will investigate the properties of
both mentioned variants. Last, but not least, we
propose the formal expression for the Laplace-
Beltrami operator in the space whose structure
is determined by a fuzzy partition [2].
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The aim of this contribution is a deep study
of decomposability (representability) of aggre-
gation functions on direct products of ordered
sets. We recall some basic facts and statements
concerning the decomposability of equivalence
relations on direct products. Applying these re-
sults, we obtain general necessary and sufficient
conditions for the decomposability of (aggrega-
tion) functions on direct products of posets. As
an application, decomposability of conjunctive
and disjunctive functions (especially, t-norms
and t-conorms) will be characterized and
discussed. Also some illustrative examples will
be presented.
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El-Zekey, Medina and Mesiar [1] introduced the
notion of lattice-based sum of lattices which
is, roughly speaking, given by a lattice (Λ; ⪯Λ)
(equipped with a partial order ⪯Λ) and a family
of lattices (Lλ; ≤λ; λ ∈ Λ) where (Λ; ⪯Λ) serves
as an index-set and ⋃

λ∈Λ
Lλ = L is a lattice-

ordered set.
Later, El-Zekey [3] studied a lattice-based

sum of t-norms, Kalina [2] studied a lattice-
based sum of uninorms (that yields an n-
uninorm) and Dvořák, Holčapek and Paseka
[4] studied ordinal sums of partially ordered
monoids.

In this contribution, we are going to study
lattice-based sums of aggregation functions, i.e.,
aggregation functions defined on a lattice-based
sum of lattices. Particularly, we will be inter-
ested under which conditions properties of ag-
gregation functions used for the construction are
inherited by the resulting aggregation function.
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In 1897, Richard Dedekind introduced the free
distributive lattice over n generators [1]. The
cardinality of this lattice structure is denoted as
the n-th Dedekind number. Our aim is to show
that the cardinality of the set of all n-ary ag-
gregation functions defined on finite chains can
be seen as a two-fold generalization of Dedekind
numbers. One generalization arises naturally
from the commonly used definition of the ag-
gregation functions. The second one goes in
the spirit of the former Dedekind’s definition,
i.e., we show that n-ary aggregation functions
equipped with certain operations form a free al-
gebra in a finitely generated variety over the set
of n generators.
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In this contribution, we revisit the character-
ization of positively homogeneous aggregation
functions and we examine the interplay between
these functions and super-/sub-additivity.

Positively homogeneous aggregation functions
were examined, e.g., in [1](Theorem 5) using
two single-variable functions defined on the unit
interval [0, 1] for two-dimensional aggregation
functions, see, also, [2](Proposition 7.10).

In this contribution, we present a novel ap-
proach to the problem of the characterization
of positively homogeneous functions: a one-to-
one correspondence between positively homoge-
neous functions f : [0, ∞[n→ [0, ∞[ and general-
ized opposite diagonal functions δ : S → [0, ∞[,
where

S =
{

x ∈ [0, 1]n−1 : Σ(x) ≤ 1
}

,

given by

f(x) = Σ(x)δ
(

x1

Σ(x) ,
x2

Σ(x) , . . . ,
xn−1

Σ(x)

)
,

where Σ(x) = x1 + · · · + xn for x = (x1, . . . , xn).
We provide conditions for generalized oppo-

site diagonal functions δ under which a posi-
tively homogeneous function f is

• non-decreasing, leading to a positively ho-
mogeneous aggregation function,

• super-additive, leading to a positively ho-
mogeneous and super-additive aggregation
function, and

• sub-additive, leading to a positively homo-
geneous and sub-additive function, not nec-
essarily an aggregation function.
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Discrete fuzzy numbers [1] specially, those whose
support is a closed interval of a finite chain
Ln = {0, 1, . . . , n} have been studied in depth
in the literature (see for instance [7,6]). Their
interest relies on the computational linguistic
model based on these operators providing a solid
theoretical background with which the experts
can elicit their evaluations in a very flexible way.
It is well-known that negation and antonym



52 FSTA 2022

functions are significant components of each lin-
guistic model. However, up to now, while in [7]
the authors built a strong negation N from the
only strong negation defined on Ln, no study has
been presented dealing with antonyms in this
setting.

Antonyms and negations present some simi-
larities but also important differences. Studies
related with this topic can be found in [5,4,3,2].
In [2], Soto and Trillas present a mathematical
model that allows modelling the linguistic be-
havior of both operators, which are involutive
and nonincreasing functions. However, while
the antonym of a predicate implies the nega-
tion of this predicate, the reciprocal is not true.
Following the previous ideas, we will prove that
the strong negation N presented in [7] can be
understood as an antonym function and we will
propose a method to construct fuzzy negations
in the setting of discrete fuzzy numbers whose
support is a closed interval of Ln.
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We explore the notion of fuzzy topological en-
tropy when different definitions of fuzzy com-
pactness are considered. We prove that the def-
initions by Tok [1] and by Uzzal Afsan and Basu
[5] are useless since they always display zero en-
tropy. We give a simple proof of the bridge result
which state that topological entropy agrees with
fuzzy topological entropy when it is defined by
using Lowen’s definition of fuzzy compactness
[2,4]. The particular case of interval maps is
also discussed, proving that the fuzzy entropy
also agrees with the topological entropy of the
Zadeh fuzzification of the crisp map on the set of
convex and normal fuzzy sets. The variational
principle related to Dumitrescu’s definition of
entropy [3] is also discussed.
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A pair (X, f), consisting of a compact met-
ric space X and a continuous map φ : X →
X, is called a discrete dynamical system. It
is well-known [2] that there is a natural way
how to extend a discrete dynamical system
(X, φ) into a fuzzy (discrete) dynamical sys-
tem (F (X), Φ), where the topological structure
of F (X), the family of upper semicontinuous
fuzzy sets, can be provided by metric topolo-
gies given by various metrics (such as level-
wise, endograph, sendograph one), and the map
Φ : F (X) → F (X) is given by the Zadeh’s
extension principle. It is a natural question
to ask what are mutual relations between var-
ious dynamical properties of discrete dynami-
cal systems (X, f) and (F (X), Φ). However, if
we want to define a fuzzy dynamical system in-
duced from a given discrete dynamical system
(X, f), the standard Zadeh’s extension princi-
ple is not the only option. One can deal with

generalized versions of Zadeh’s extension princi-
ple ([1]) to define other fuzzy discrete dynamical
systems (F (X), Φg). Within this talk, we plan
to provide a brief survey of existing approaches
and to discuss mutual relations between (X, f)
and its fuzzy counterparts (F (X), Φg). Among
discussed dynamical properties will be various
versions of expansivity, sensitivity, and related
chaotic properties.
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Zadeh’s extension principle is one of the most
fundamental tools in fuzzy theory because, for
example, it can naturally extend a real-valued
continuous map to a map having fuzzy sets as
its arguments. Moreover, this extension has a
close connection to the theory of dynamical sys-
tems. Namely, Kloeden elaborated a mathemat-
ical model which allows us to connect the the-
ory of classical dynamical systems to the the-
ory of fuzzy dynamical systems. However, there
are some natural problems with computations of
such systems in particular applications, and con-
sequently, several approaches to simulate them
appeared.

The purpose of this contribution is to present
a new algorithm for simulations of fuzzy dynam-
ical systems induced by interval maps. This al-
gorithm is used to compute a trajectory of a
fuzzy initial state within a discrete fuzzy dy-
namical system. The core of the algorithm is
based on calculation with piecewise linear maps
introduced in [3]. First, to be able to use this
algorithm for any continuous map we need to
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design an algorithm that finds the piecewise lin-
earization of a given function. For that pur-
pose, a specific algorithm that uses the particle
swarm algorithm with automatic tuning of the
parameters for the linearization has been intro-
duced. This algorithm can automatically detect
the number of piecewise linear parts and the dis-
cretization points in which the distance between
the original and piecewise linear function is cal-
culated. Then we use the algorithm that can
calculate a trajectory of the fuzzy initial state
in the fuzzy dynamical system. However, any
approximation of a function can have a huge im-
pact on the optimization performance of fuzzy
dynamical systems. Therefore, it is necessary to
compare our algorithm with other approaches
and, to investigate the accuracy of the approxi-
mation.
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Convolutional Neural Networks (CNNs) have
been very successful on image processing tasks
as they are highly useful in automatically ex-
tracting local features from images [7]. The ar-
chitecture of CNN models is made up of layers
that treat the input information consecutively,
where each of them plays a specific role to per-
form this feature extraction process. These fea-
tures are afterwards used for solving different
problems, such as classification [6,5] or seman-
tic segmentation [4].

In this paper, we will focus on one of the lay-
ers that CNNs implement in their architecture.
Specifically, the pooling layer. This layer focuses
on the task of aggregating the data that the
feature extraction operation, known as convo-
lution, has generated. This layer aggregates the
values of each disjoint window of image data,
reducing the dimensionality of the features that
the model is extracting. Usually these values
are aggregated using functions such as the arith-
metic mean or the maximum, despite some tests
for their replacement [3,2].

Our aim with this work is to explore the pos-
sibility of replacing these functions by other well
known functions from aggregation theory. In
particular, we will try to use fuzzy integrals,
given their ability to model possible coalitions
between the data to be aggregated [1], other or-
der statistics and linear combinations of all these
functions, among others.
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Uncertainty is a serious problem in everyday
medical practice and it is observed and de-
scribed in the medical literature. There are
many meanings and types of imprecision in
medicine with each of them having a different
effect on the diagnosis or treatment.

The issue of uncertainty is also faced by feder-
ated learning often met in many medical institu-
tions, i.e. train a decision model based on many
data sets owned by different clients who do not
have access to each other. The motivation for
the use of federated learning is that many in-
stitutions collect their data and do not want to
share it (for various reasons). Instead, it wants
to improve the models based on the data of oth-
ers to increase the decision-making quality.

Our goal is to develop a federated learning
scheme in such a way it can handle uncertainty
and data gaps. A linear regression model with
interval values will be presented and result on
medical data will be shown. In the research, the
tools used were interval arithmetic and interval-
valued aggregation functions.
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Edge Detection is one of the fundamental
problems in computer vision [3], where in recent
research works traditional systems, have been
outperfomed by Deep Learning models, such as
BDCN [2].Those method obtain outperforming
results at being more complex and requiring
more computational power.
Other recent research shows that simpler and
more efficient models [1] obtain accurate results
while reducing both complexity and computa-
tional power.
In this work we propose a simpler approach
with a preprocessing step, where information
is extracted from the original image before
feeding the system, resulting in a reduction
of the system complexity. To achieve this we
construct an Interval Valued Fuzzy Set from
images as was proposed by [4]. The IVFS values
are obtained for each pixel as the maximum
and the minimum of the 3x3 window around
it. Then we feed them to a Machine Learning
system.
We propose a Neural Network which taking
the IVFS as an input determines the edges
presents in the original image. The proposed
method generates the necessary parameters for
the detection, based on the original image.
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Convolutional Neural Networks (CNNs) have
set the state-of-the-art on Image Processing
tasks for the last decade, due to their high
adaptability to different contexts and efficient
optimization algorithm. CNNs act in a sequen-
tial manner, alternating between the extraction



Abstracts 57

of relevant features from an input image, and the
local aggregation of these features by means of
a “pooling” function, in order to obtain a more
concise representation.

In order to perform this downsampling pro-
cess, functions such as the arithmetic mean or,
more commonly, the maximum, are usually em-
ployed. Although plenty of study has been ded-
icated to the design of new pooling strategies [1,
5, 3], “max-pooling” still usually equals or out-
performs most of this options in practice, and
has turned into the de facto standard for CNN
design.

In this work we focus on the properties that
make the maximum such an efficient solution in
the context of CNN feature downsampling and
propose its replacement by grouping functions,
a family of functions to which the maximum be-
longs. Grouping functions were proposed in [7]
as a type of non-necessarily associative fuzzy dis-
junction, and have been used with success for
classification and image thresholding [4]. Pos-
terior extensions to the n-dimensional case were
given in [6] and [2].

In order to adapt these functions to the con-
text of CNNs, which work with real valued data,
we present (a, b)-grouping functions, an exten-
sion of grouping functions to a subset [a, b] of
the real numbers. We present different con-
struction methods for (a, b)-grouping functions,
and show their empirical suitability for replac-
ing max-pooling, substituting the pooling func-
tion of several well-known CNN architectures by
them and obtaining promising results on stan-
dard datasets from the literature.
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Deep neural networks are currently achieving
breakthrough results in areas such as natural
language processing or computer vision. How-
ever, it is difficult to understand how such a
trained network actually works inside. Never-
theless, we can move towards low-dimensional
neural networks, which contain only a few neu-
rons in each layer. As a result, we can study
such networks in terms of their behavior and
learning using methods from mathematical ar-
eas such as topology. For example, there are the-
oretical and experimental justifications support-
ing The Manifold Hypothesis. This hypothesis
states that real-world data such as image data
can be converted from high-dimensional space to
low-dimensional space which lying on manifolds.
The processing of image data by our algorithm
is based on the Scale-Space theory, which pro-
vides a description of the structure of the image
data in the same way as it is perceived by a liv-
ing organism. This theory is closely related to
the applications of dimensionality reduction and
methods for selection of keypoints which repre-
sent significant parts of the image.

We propose a new algorithm, which we have
successfully applied to one-dimensional data [2]
[2]. In detail: we use a multiscale theory with
kernels derived from the theory of F-transforms.
This differs from the traditional approach that is
based on the use of pure Gaussian kernels. The
result is simplified algorithms and comparable
efficiency in selecting key points. We are also
propose a new key point descriptor and test it
to predict high volatility financial time series.

Acknowledgement The support of the grant
SGS 2022 is kindly announced.
References:

[1] Irina Perfilieva and David Adamczyk.
Fuzzy partitions and multi-scale represen-
tation of 1d data. In Joint Proceed-
ings of the 19th World Congress of the
International Fuzzy Systems Association
(IFSA), the 12th Conference of the Eu-
ropean Society for Fuzzy Logic and Tech-
nology (EUSFLAT), and the 11th Interna-
tional Summer School on Aggregation Op-
erators (AGOP), pages 153–157. Atlantis
Press, 2021.

[2] Irina Perfilieva and David Adamczyk. Fea-

tures as keypoints and how fuzzy trans-
forms retrieve them. In Ignacio Rojas, Gon-
zalo Joya, and Andreu Català, editors, Ad-
vances in Computational Intelligence - 16th
International Work-Conference on Artifi-
cial Neural Networks, IWANN 2021, Vir-
tual Event, June 16-18, 2021, Proceedings,
Part II, volume 12862 of Lecture Notes in
Computer Science, pages 14–27. Springer,
2021.

Towards a unique database
footprint using fuzzy sets, neural

networks and Sugeno Integral

TAKAČI Aleksandar

Faculty of Technology, University of Novi Sad
E-mail: {atakaci}@uns.ac.rs

Describing a database in a single notion has
been a challenge since the beginning of data
mining. One way is to find and describe com-
plex relations between attributes. The basic
concept is to describe a database using a fuzzy
set on the Cartesian product of database at-
tributes. Sugeno integral will model the rela-
tions between the database attributes. A neural
network will be used to obtain the best quo-
tients of the Sugeno integral using the database
records as a train set. The integral is a de-
scription of the database but also can measure
the possibility whether a single record belongs
to that particular database. Moreover, various
databases can be compared and a similarity de-
gree between them can be measured. Applica-
tions are many from finding the perfect college
or career for a person to a comparison of two
countries towns or even cars. A clustering al-
gorithm will be used to find major clusters of
the database. Those clusters will be described
via a fuzzy set. This will find a unique database
foot print and a grahical representation of the
database. Having the data records as training
sets a neural network can be used to find the
coefficient of integral. Lets assume that we have
two databases each containing student grades.
Comparing their unique foot prints we can find
out whether the faculties have similar student
profiles, grading scales etc. Using a similarity
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measure on the integrals we can measure the
similarity of 2 datasets.
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A new methodology for detection of structural
breaks in time series is introduced. The pro-
posed method is based on the combination of
special techniques of fuzzy modeling, namely
Fuzzy Transform (F-transform) and selected
methods of Fuzzy Natural Logic (FNL), and
the Chow test that is the well known statisti-
cal method for anomaly detection in time series.

The concept of detection structural breaks in
time series using Chow test is based on the dif-
ference of intercept terms as well as different re-
gression coefficients. The time series in which a
structural break occurs is divided into two linear
regressions models: y = α1 + β1x, y = α2 + β2x.
The test of hypothesis related to the test of
structural break is conducted by testing the null
hypothesis upon one of the situations:

• H0 : α1 = α2,

• H0 : β1 = β2,

• H0 : α1 = α2 , β1 = β2.

However, it is difficult to determine the
changepoint in a given time series. Therefore,
we apply fuzzy techniques for this purpose. Un-
der the assumption that a time series can be ad-
ditively decomposed into trend-cycle, seasonal
component, and random disturbances, the fuzzy
transform makes it possible to find arbitrary
shape of the trend-cycle, and detect specific ar-
eas, or intervals of monotonous behavior. We
can also estimate the slope (average value of
the first derivative) of the time series in a given
(imprecisely determined) area. FNL provides
a mathematical model of semantics of special
expressions of natural language (the so called
evaluative linguistic expressions). Using them
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we are able to evaluate the slope of time series
or detect areas of monotonous behavior. Using
this information, we are able to detect possible
structural breaks.

The fuzzy transform used in time series
provides zero degree (absolute components)
F 0

k [f |A ], and first degree ones F 1
k [f ] = (β0

k [f ]+
β1

k [f ] · (x − ck)). The coefficients β1
k [f ] are

estimations of average values of the tangents
(slopes) of f over areas characterized by the
fuzzy sets Ak, k = 1, . . . , n.

The structural break divides set of component
into 2 subsets, that can be approximated by lin-
ear models. Using Chow test, we confirm pres-
ence of the structural break by testing of the
null hypothesis:

H0 : β0
k [f ]1 = β0

k′ [f ]2, β1
k [f ]1 = β1

k′ [f ]2

where k, k′ are the indexes of k-th and k′-the
basic functions forming the corresponding fuzzy
partitions. We will demonstrate effectiveness of
the mentioned methodology on several real time
series.
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In the classical time series analysis, the pur-
pose is to identify the stochastic process, e.g.,
the autoregressive process AR(p), that produced
the observed time series. One of the main char-
acteristic of a stochastic process is its station-
arity. On the contrary, non-stationary time se-
ries include violations of stationarity, like mean
change, variance change, changes in the pa-
rameters of the model over time, etc. There
are various methods used to test the stationar-
ity of a stochastic process like the well known
Dickey-Fuller Test [5], the KPSS Test, semi-
parametric unit root test and more recent ones
using e.g., correlograms [2]. However, those sta-
tistical methods cannot be directly applied if the
observed data are represented as fuzzy numbers.

In this work, we propose a procedure to assess
the stationarity based on a time series with fuzzy
data. We adapt the stationarity testing based on
sample autocorrelations and extend it to reflect
the fuzziness of observations. The method is il-
lustrated for series of fuzzy numbers simulated
from the AR processes of first and second or-
ders. Moreover, we illustrate the performance of
the proposed procedure for stationarity testing
on real-life uncertain time series from two differ-
ent application contexts: (1) data from the air
pollution monitoring stations about daily con-
centrations of an important health-related air
pollutant that is the NO2 (Nitrogen Dioxide)
[3]; (2) fuzzy numbers resulting from possibilis-
tic aggregation of daily acoustic data of bipolar
disorder patients [4,1].
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Emotion classification is a branch of text un-
derstanding tasks, which has a highly-requested
practical real-life realization on social media.
In particular cases, the emotion detection task
is presented as an emotion intensity problem,
where the target is to predict several intensity
levels of the same emotion. In our approach, we
use classification and regression methods based
on the fuzzy rough sets.

The problem we solve is the SemEval-2018
emotion detection task in English tweets for
anger, joy, sadness, and fear emotions. In our
previous work [1], we showed that a tuned en-
semble of fuzzy rough nearest neighbor (FRNN)
classifiers can perform comparably to state-of-
the-art deep learning solutions. In our solu-
tion, we tuned such parameters as the number of
neighbors, text preprocessing, and text embed-
ding methods. We also showed that an ensemble
based on the confidence scores of FRNN clas-
sifiers performs better than using regular class
predictions.

Additionally, in this work, due to the or-
dinal intensity of provided emotions, we con-
sider the FRNN regression method. The regres-
sion approach takes into account order among
scores and we can adapt its output with a sim-
ple rounding of a predicted score to obtain a
class prediction. This solution was fine-tuned
on different features (similar to the ones we
used for the FRNN classifier) and compared
with the classification method with several eval-
uation metrics: Pearson Correlation Coefficient
(PCC), Mean Absolute Error (MAE), accuracy,
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etc. According to our experiments, the regres-
sion method showed better scores with the MAE
metric and promising results for test data with
PCC. We also provide some conclusions about
the relation among evaluation metrics using cor-
relation matrix analysis.

AcknowledgementThis work was supported
by the Odysseus programme of the Research
Foundation–Flanders (FWO).
References:

[1] Kaminska, O., Cornelis, C., Hoste, V.:
Fuzzy-rough nearest neighbour approaches
for emotion detection in tweets. Rough
Sets, Springer International Publishing.
(2021) 231–246.

Intuitionistic Fuzzy Rough Set
Assisted Missing Data Imputation

SINGH Shivani1 and SOM Tanmoy2

1 DST-Centre for Interdisciplinary
Mathematical Sciences,

Banaras Hindu University, Varanasi-221005
India

E-mail: shivanithakur030@gmail.com
2 Department of Mathematical Sciences,
Indian Institute of Technology (BHU),

Varanasi-221005
India

E-mail: tsom.apm@itbhu.ac.in

In this digital era, data science has extreme us-
age across many areas as databases are grow-
ing very fast due to electronically generated
information from different areas like internet
searches, social media, bioinformatics, business
transactions, etc. Though, missing proportions
are commonly generated in the dataset due to
the lack of some sources. With this commonly
used treatment of missing values, we can ex-
tract more valuable information from the infor-
mation system than the previous one. Several
algorithms have dealt with missing value impu-
tation problem [1-4]. Nearest Neighbourhood
algorithm has been proven beneficial in the miss-
ing value imputation so far [3, 4], and nowadays,
intuitionistic fuzzy rough sets-based approaches
are recognized as highly effective in handling

vagueness and uncertainty problems in the high-
dimensional dataset [5, 6]. We impute miss-
ing data values with intuitionistic fuzzy rough-
nearest neighbour algorithm. First, we pro-
pose intuitionistic fuzzy rough lower approxi-
mation and upper approximation operators with
the help of k-nearest neighbours of objects hav-
ing missing attribute values, then predict the
missing values of the information system based
on these approximation operators. We imple-
ment the proposed method on the real-valued
dataset and determine the impact on the pro-
posed method with variation of the parameter
k for its different values. Afterward, we com-
pare the proposed algorithm with several exist-
ing imputation algorithms. We perform non-
parametric statistical tests to validate the re-
sults, and our findings indicate that the pro-
posed method demonstrates excellent perfor-
mance in general.
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In this paper, we study a special class of opera-
tors on Atanassov’s intuitionistic fuzzy sets (see
[4, 3]), which take into account the hesitation
degree of the input data. Unfortunately, not all
of them are monotonic. Therefore, instead of the
usual monotonicity, directional monotonicity is
considered, so that some of these operations are
pre-aggregation function (see [2]). As an exam-
ple of the considered operations, we propose an
operations similar to the representable weighted
mean, except that when aggregating we take
both membership and nonmembership degree
with the appropriate weights. The weights de-
pend here on the hesitation degree of aggregated
values. This means that for different arguments
the weights may be different. An important ad-
vantage of this type of aggregations is the fact
that the obtained result has a smaller measure
of hesitation than when using standard means,
which allows ones to determine the aggregated
value more precisely (cf. [1]).
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Comparison operators are used to quantify
the similarity or dissimilarity between two or
more elements in a certain information system.
This quantification is crucial in multiple appli-
cations, leading to a growing interest in compar-
ison operators research.
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A recent operator designed to compare and
measure the disagreement between two objects
is the moderate deviation function [4,7]; this op-
erator can be used to construct the mean mod-
ifying Daróczy’s deviation functions [5]. In the
literature there are multiple variations of the
moderate deviation functions, for example mod-
erate deviation-based aggregations [2]. These
aggregations led to promising results in a wide
variety of applications, as decision making pro-
cesses, Brain-Computer Interface (BCI) tech-
nologies [3] and image processing tasks; there-
fore, moderate deviation functions are suitable
functions to compare objects in diverse domains.

A very common application in image process-
ing is anisotropic diffusion [1], a content-aware
smoothing technique based on the simulation of
heat transfer to regularize the intensity in an
image. This method applies comparison mea-
sures between pixels to estimate the difference
between intensity values to perform a region-
based smoothing.

In this work we present a generalization of the
Perona-Malik anisotropic diffusion method [1]
for grayscale images. Specifically, we intend to
apply moderate deviation functions to quantify
the dissimilarity between two neighboring pix-
els, in order to estimate the amount of heat
transfer in each iteration. Our proposed appli-
cation will be tested on different images of the
BSDS500 benchmark dataset [6].
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Definition 1 Let R = (R, ≤, +, ×, 0, 1) and
R∗ = (R, ≤∗, +∗, ×∗, 0∗, 1∗) be complete par-
tially ordered semirings with the same under-
lying set R. The pair (R, R∗) is called to be
adjoint, if there exists po-semiring isomorphism
Φ : R → R∗ such that

1. Φ is self-inverse, i.e., Φ.Φ = idR,

2. ∀a, b ∈ R, a ≤ b ⇔ a ≥∗ b,

3. ∀a, b, c ∈ R, a×∗ (b+c) = (a×∗ b)+(a×∗

c),

4. ∀a, b, c ∈ R, a+(b+∗c) = (a+b)+∗(a+c),
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Definition 2 If (R, R∗) is an adjoint pair of
po-semirings, then a map f : X → R is called
R-valued fuzzy set in X. Basic operations with
R-fuzzy sets are defined by

1. (s⊓ t)(x) = s(x)+∗ t(x), (s⊔ t)(x) = s(x)+
t(x),

2. The complement ¬s is defined by ¬s(x) =
Φ(s(x)),

3. The external multiplication by elements
from R is defined by (a ⋆ s)(x) = a × s(x).

The main reason for introducing the adjoint pair
of po-semirings is the fact that many of new L-
valued fuzzy type structures, where L is a com-
plete MV -algebra, such as hesitant L-fuzzy sets,
neutrosophic L-fuzzy sets, intuitionistic L-fuzzy
sets, L-fuzzy soft sets or even their combina-
tions, such as e.g. intuitionistic L-fuzzy soft sets
can be transformed to R-fuzzy sets for suit-
able po-semirings R.

This makes it possible to use R-fuzzy sets as a
universal tool for working with these new fuzzy
type structures and at the same time to apply
the standard methods used for L-fuzzy sets to
these new fuzzy type structures.

An example illustrating these possibilities can
be, for example, an introduction of rough L-
fuzzy set analogies for these fuzzy type struc-
tures.

Definition 3 Let (R, R∗) be the adjoint pair of
po-semirings.

1. A mapping r : X × X → R is called a
binary R-relation in X.

2. A mapping r↑ : RX → RX is called the
upper R-approximation defined by r, if for
f ∈ RX , r↑(f)(x) = ∑R

y∈X r(x, z) × f(z).

3. A mapping r↓ : RX → RX is called the
lower R-approximation defined by r, if for
f ∈ RX , r↓(f)(x) = ∑R∗

y∈X Φ(r(x, z)) ×∗

f(z).

Using transformations of fuzzy type structures
to R-fuzzy sets we can define the rough variants
of intuitionistic, hesitant or soft L-fuzzy sets and
many others.
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The concept of lattice-valued (pre)order has
been studied extensively by many researchers in
lattice-valued mathematics [10,7]. In particular,
I. Stubbe [3] gave a brief survey of quantaloid-
enriched categories as a convenient setting for
“fuzzy logicians and fuzzy set theorists”, which
incorporated the above notion of lattice-valued
(pre)order. This talk follows the path, study-
ing categories enriched in a quantale as a set-
ting for doing lattice-valued categorical algebra.
We provide an explicit description of injective
objects and hulls in a category of generalized
monoids.

Injective objects play an important role in the
study of categories. Given a category C and a
class M of C-morphisms, a C-object C is called
M -injective (or just injective if the class M is
clear from the context) provided that for every
morphism A

m−→ B in M and every C-morphism
A

f−→ C, there exists a C-morphism B
g−→ C such

that g·m = f . Moreover, a C-morphism A
m−→ B

in M is said to be M -essential provided that
a C-morphism B

h−→ C belongs to M whenever
the composite h · m does. An M -injective hull
of a C-object A is a pair (m, B), consisting of an
M -injective object B and an M -essential mor-
phism A

m−→ B [11]. Many familiar constructions
can be regarded as an injective hull, e.g., the
Mac Neille completion of a poset, the algebraic
closure of a field, as well as the hyperconvex en-
velope of a metric space.
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In view of the importance of injective ob-
jects, a number of researchers studied their con-
crete realizations in various categories. For
example, G. Bruns and H. Lakser [9] showed
that the injective objects in the category of
meet-semilattices are exactly the frames (com-
plete lattices with finite meets distributing
over arbitrary joins). J. Lambek et al. [5]
extended this result showing that the injec-
tive objects in the category of partially or-
dered monoids (po-monoids) and submultiplica-
tive order-preserving maps w.r.t. a special
class of monomorphisms (“embeddings”) are
precisely the unital quantales [4]. X. Zhang and
V. Laan [2] extended the above result even fur-
ther showing that the injective objects w.r.t.
a class of order embeddings in the category
of partially ordered semigroups (po-semigroups)
with submultiplicative morphisms (i.e., employ-
ing the setting of [5] without the requirements
related to the existence of the unit element) are
exactly the quantales. Their result was general-
ized by X. Zhang and J. Paseka [1] for the set-
ting of S-semigroups (po-semigroups equipped
with an action of a po-semigroup S), where the
injective objects appeared to be exactly the S-
semigroup quantales (S-semigroups, which are
quantales, and where the action of S satisfies an
additional distributivity condition).

Inspired by the above results, we provide an
explicit characterization of the injective objects
in a specific category of V -monoids equipped
with a (left) V -action, where V stands for a
unital commutative quantale. Following the
setting of M. M. Clementino and A. Mon-
toli [8] employed for the study of categorical
behaviour of V -groups, we consider V -monoids
as monoid objects in the monoidal category
V -Cat of V -categories (categories enriched in
V ) and V -functors. Since the case of V = 2
(the two-element quantale) provides preordered
monoids, our result is an extension of the above-
mentioned one of J. Lambek et al. [5]. More
precisely, in case of V -monoids, we obtain that
the injective objects are exactly the quantale
algebras (an analogue of algebras over a com-
mutative ring with identity) satisfying some ad-
ditional requirements related to the categorical
enrichment in the quantale V . Additionally, we
show that the machinery of injective hulls of po-
monoids proposed in [5] could be transferred to

our setting of V -monoids.
The advantages of the setting of V -categories

are nicely described in, e.g., [8,6]. In particu-
lar, this setting allows for convenient categor-
ical tools and, moreover, its obtained results
are valid for a number of different mathemat-
ical frameworks subsumed by V -categories, and
these include, e.g., preordered sets, (general-
ized) metric spaces, and also probabilistic metric
spaces.
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The term “quantale” was suggested by C.J. Mul-
vey at the Oberwolfach Category Meeting (see
[1]) as “quantization” of the term locale. An
important moment in the development of the
theory of quantales was the realization that
quantales give a semantics for propositional
linear logic in the same way as Boolean algebras
give a semantics for classical propositional logic
(see [3]).

Quantales arise naturally as lattices of ideals,
subgroups, or other suitable substructures of
algebras. Quantales have many significant ap-
plications. As a valued domain, quantales have
been applied to the study of enriched categories
([6]), logic algebras ([5]), fuzzy algebras, fuzzy
topologies and fuzzy domains ([9]). There are
numerous algebraic and categorical aspects on
quantales as well ([8]). Here, we mainly recall

their utilization on injectivities and completions.

As far as we know, the earliest work on
injectivity investigations where quantale con-
cepts were involved in was due to Bruns and
Lakser ([10], 1970), and independently Horn
and Kimura ([2], 1971), where injective hulls of
semilattices were constructed. In both work,
the injective semilattices were characterized by
completeness and distribution property, which
are precisely frames as one calls afterward.

Surprisingly, it was in (till) 2012, introduced
by Lambek, Barr, Kennison, and Raphael
([7]), the term “quantale”, which was used for
studying injective hulls for pomonoids, firstly
came into people’s sight for injectivivity re-
search. Later on, Zhang and Laan successively
generalized the results of injective pomonoids
first to the posemigroup case ([4], 2014).

Inspired by the results mentioned above, this
paper is determined to find reflectors for the
category Quant of quantales, from which nat-
ural completions arise. We obtain two kinds of
reflectors in this work, whose reflective subcate-
gories are entirely relied on A -ideals and closure
closed subsets, correspondingly. We also study
the connections on respective subcategories and
reflectors derived from them.

It has been observed that Q(S), the set of
closure closed subsets of a given posemigroup S,
is exactly the injective hull for S (see [4]). We
will show in the current work that Q(S) indeed
carries out a Quant-reflection and provides an
order-embedding. Simultaneously, the quantale
A (S), which is the collection of all A -ideals of
S, contributes to another reflection. A further
research on the naturality of Q(S) is developed.
The result sheds some new light on the natural
transformation problem of an order embedding
into its injective hull.
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Original Radon-Nikodym (RN) derivatives are
defined for two σ-finite additive measures, which
satisfy the condition of dominance. In probabil-
ity theory, they can be interpreted as probability
density functions of corresponding measures.

Analogously to the additive case, in [1]
we introduced Choquet-Radon-Nikodym (CRN)
derivatives for fuzzy measures, where the stan-
dard additive integral is replaced with fuzzy
Choquet integral. Their basic properties, such
as the notion of existence and uniqueness or
computational algebra, are studied and com-
pared with the properties of RN derivatives.

In our case, the construction and studying
of CRN derivatives were naturally required for
defining fuzzy ϕ-divergence, which is a func-
tional of two inputs (fuzzy measures) measuring
their dissimilarity. Overall, three approaches to
ϕ-divergence are proposed, where the main dif-
ference consists in the integral used in its def-
initions. They are based on symmetric as well
as asymmetric Choquet integral since the inte-
grand allows not only nonnegative but also real
values. This results in different formulas of the
ϕ-divergence by varying CRN derivatives, which
leads to significantly distinct basic properties.
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Measuring association between attributes is one
of the main tasks in statistical reasoning and
data analysis. Within the framework of the clas-
sical theory dedicated to real-valued data many
tools for assessing the degree of dependence have
been developed. In this context, it is worth men-
tioning Pearson’s correlation coefficient, Spear-
man’s rank correlation, Kendall’s tau, etc., as
well as various statistical tests designed to check
if the relationship between the features is statis-
tically significant.

In this presentation we focus on analysis of
association between imprecise data. Although
fuzzy set theory turned out to be extremely use-
ful in modeling imprecise data, its relevant data
structure precludes the straightforward general-
ization of classical methods and tools into the
fuzzy domain. In particular, some problem with
fuzzy arithmetic make it difficult to general-
ize Pearson’s correlation coefficient or Kendall’s
tau; the lack of universally accepted total rank-
ing between fuzzy numbers makes it impossible
to generalize the Spearman rank correlation co-
efficient, etc. Another drawback is the lack of
suitable models and limit results for the distri-
bution of random fuzzy variables.

This situation has prompted researchers to
search for other solutions that would reconcile
limitations resulting from fuzzy modeling with
the expected effectiveness of the required sta-
tistical procedures. In particular, the distance-
based approach to fuzzy data (see, e.g., [3]) as
well as permutation techniques (see, e.g., [2,1])
can help to bypass the obstacles described above
and propose some noteworthy tools for fuzzy
data association analysis.
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Due to the rise of the user-generated con-
tent (i.e., tweets, Facebook posts, blogs, etc.)
there are huge amounts of easily accessible, non-
labeled data in a wide range of topics [1]. One
problem in the analysis of this kind of data is
the presence of anomalies: data that is faulty,
badly collected, etc.

Anomaly detection is the process of identi-
fying these observations that differ significantly
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from the norm in a dataset. Since there is not
a proper formal definition of anomaly, different
algorithms have arised to cope with the different
variations of this idea, like novelty detection or
outlier detection [3].

Some of these algorithms have traditionally
relied on prior knowledge on the data domain,
or some degree of supervised learning in order
to detect the irregular samples [4, 2].

In this work we propose a simulation based
algorithm to detect those observations, based
on gravitational forces [6], that requires neither
prior knowledge nor data labels to identify spu-
rious observations. We do so by studying differ-
ent generalizations of the aggregation of gravita-
tional forces using aggregation functions [5], and
the resulting clusters obtained when the parti-
cles attract each other. We also compare our
algorithm with other unsupervised anomaly de-
tection algorithms, obtaining favourable results
to our proposal.
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Image smoothing is a low-level image process-
ing task aimed at improving the visibility of
relevant information in an image. While the
specific goals and mathematical means might
vary in different scenarios, it often involves ob-
ject visibility improvement and/or noise mitiga-
tion [4]. Smoothing strategies can be mainly di-
vided into two groups, namely content-unaware
and content-aware strategies. Content-unaware
smoothing (CUS) replicates a smoothing be-
havior indiscriminately on the whole image, re-
gardless of its local or semi-local properties. A
relevant example of CUS is Gaussian filtering.
Alternatively, content-aware smoothing (CAS)
aims at adapting the smoothing behavior locally,
so as to preserve or eliminate predefined types of
objects and noise. Normally, CAS aims at regu-
larizing the tones within objects, while avoiding
boundary-blurring at their contours. Some pop-
ular approaches to CAS are Anisotropic Diffu-
sion [3], together with its extensions [1], and Bi-
lateral Filtering [2]. It is generally accepted that
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CAS is more powerful and flexible than CUS,
at the cost of requiring more parameters and a
more delicate setting.

Among the scenarios in which smoothing can
be applied, image segmentation appears as a
prime case. Image segmentation consists of par-
titioning an image into disjoint regions, each
representing a different area or object in the im-
age. As long as smoothing aims at improving
the visibility of such objects and regions, it is
often used as a pre-processing step prior to im-
age segmentation. Within smoothing, CAS is
preferred over CUS for image segmentation, in
order to avoid blurring at region/object bound-
aries, as well as to prevent the removal of small,
relevant objects in the image. In this work, we
propose a technique for CAS aimed at improv-
ing the performance of segmentation algorithms
in medical imagery.

Our proposal is based on pixel clustering, a
noteworthy approach to CUS. Under this ap-
proach, all pixels in the image are seen as points
in a multidimensional space, then grouped to-
gether to unveil dominant spatio-tonal clusters.
The information of the dominant clusters, as
well as the information on the clustering itself,
is further used to iteratively produce smoother
versions of the original image. While clustering-
based CUS has been extensively studied in the
literature, e.g. mean shift [6] or Gravitational
Smoothing [5], fuzzy clustering has been mostly
absent from it. In this work, we present and
describe a CUS algorithm based on fuzzy clus-
tering, specifically on Spatial Fuzzy C-Means
(SFCM) [7]. Our proposal is flexible enough
to be applied to any type of imagery, including
mono- and multi-channel ones. In this work, it
will be put to the test in the context of pro-
tein detection for immunohistochemistry image
analysis, a prominent task in neurodegenerated
tissue analysis.
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Object segmentation is a prominent low-level
task in image processing and computer vision.
It consists of partitioning a digital image into
multiples sets of contiguous pixels, each repre-
senting a different object or region in an image.
There are different inspirations and techniques
to perform image segmentation, e.g. pixel clus-
tering, tonal thresholding or spatial-tonal clas-
sification, each featuring different constraints.

A technique of special relevance within seg-
mentation algorithms is active contour model-
ing [2]. An active contour is a closed contour on
an image which can be evolved to progressively
fit the silhouette of certain type of object. Ac-
tive contours shall be initialized as a closed con-
tour within an object of interest, further evolv-
ing to precisely fit to its silhouette. While the
evolution of the contour has been deeply stud-
ied in literature [1,3], the study of strategies
to define the initial location of the contour is
rather absent from it. Typically, such contour
is created as a small closed curve around an
inner position in the object. However, litera-
ture contains no general-purpose algorithms to
determine those inner positions, or to quantify
their fitness. In fact, such points are frequently
set manually by human experts, hence turning
the segmentation process into a semi-supervised
one.

In this work, we present a method to find in-
ner points in relevant object using spatial-tonal
fuzzy clustering. Our proposal intends to de-
tect dominant clusters of bright pixels, which
are further used to identify candidate points or
regions around which active contours can be ini-
tialized. We also present an innovative schema
to quantify the wellness of inner points for ac-
tive contour initialization. Our proposal is pre-
sented, and then put to the test in the context
of MRI-based liver detection and segmentation.
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Currently the concept of a fuzzy metric is
most often used in the framework of axiomatic
introduced in [3] and [2]. In turn these axioms
are actually a revision of the axioms originally
defined in [1], where the idea for definition of
a fuzzy metric comes from the view that the
considered value of a crisp metric d(x, y) (which
should by fuzzified or approximated) is less than
a priori specified real number. To say differently,
the statement d(x, y) < λ is fuzzified.

In this talk we propose an alternative idea
to what can be realized under the name of a
fuzzy metric. Namely, we define a fuzzy met-
ric as the degree to which the observed distance
d(x, y) between points x and y is equal to the
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real number λ, where the word “equal” is used
in a certain fuzzy sense. To realize this idea
for a given metric d : X × X → R+ we endow
the set R+ of non-negative real numbers with a
lower-semicontinuous T -equivalence relation E
and define the mapping Md

E : X ×X × [0, ∞) →
[0, 1] by Md

E(x, y, t) = E(d(x, y), t). Obviously,
Md

E is reflexive and symmetric as a function
Md

E(·, ·, t) : X × X → R+. We say that Md
E is

a fuzzy extension of the metric d : X × X → R
(or E-d-metric for short) if

T (E(d(x, y), t), E(d(y, z), s)) ≤ E(d(x, z), t + s)

whenever d(x, z) > t + s, (1)

We show that this inequality is certainly satis-
fied in case T is an Archimedian t-norm. Note
also, that in case E is the ordinary equality on
R+, then the condition (1) reduces to the crisp
triangular inequality for any t-norm T and it is
fulfilled for any crisp metric d.

We study properties, specifically topological,
of the fuzzy metric Md

E . We also investigate
the connection between a fuzzy metric space in
the sense of [2] and an extensional fuzzy metric
space (X, Md

E).
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Noticing that ordinary metrics are not an ap-
propriate tool to describe distance relation on
the universe of infinite words as well as in some
other problems of word combinatorics, we intro-
duced the concept of a fragmentary fuzzy met-
ric in our paper [4]. A fragmentary fuzzy metric
is essentially a function constructed from frag-
ments of fuzzy metrics in George-Veeramani [3]
or Kramosil-Michálek [2] sense. In the same pa-
per, we illustrated possible applications of frag-
mentary fuzzy metrics in the problems of word
combinatorics. Further, working on the prob-
lem of the use of fuzzy-metric type functions in
the theory of word combinatorics, we realised
that instead of general fuzzy metrics, strong
fuzzy metrics introduced in [1] are more appro-
priate for our construction. Therefore, our re-
cent application-oriented research was focused
on the properties of strong fuzzy metrics, on the
construction of arrays of strong fuzzy metrics
with prescribed properties and on the study of
global topological and lattice properties of fam-
ilies of strong fuzzy metrics. Besides we have
introduced a new fuzzy metric-type functions,
called approximate fuzzy metrics, which include
fragmentary fuzzy metrics as a special case. We
initiated the study of approximate fuzzy met-
rics, developed a series of examples of such “met-
rics” and illustrated their possible applications
in the theory of word combinatorics. Our talk
will present a survey of some important results
obtained in these directions.
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[1] Bēts, R., Šostak, A. (2016). Fragmentary
Fuzzy Pseudometrics: Basics of the The-
ory and Applications in Combinatorics on
Words. Baltic Journal of Modern Comput-
ing. 4. 10.22364/bjmc.2016.4.4.15.

[2] I. Kramosil, J. Michálek, Fuzzy metrics and
statistical metric spaces, Kybernetika 11
(1975), 336 – 344.

[3] A. George, P. Veeramani, On some results
in fuzzy metric spaces, Fuzzy Sets Syst. 64
(1994) 395–399.

[4] Sapena, A., Morillas, S. (2009). On strong
fuzzy metrics, Proc. Work. App. Topology
WiAT’09, 135-141.

The links between directional
derivatives and other directional

properties of functions

STUPŇANOVÁ Andrea

Slovak University of Technology in Bratislava,
Faculty of Civil Engineering

Radlinského 11, 810 05 Bratislava
Slovak Republic

E-mail: andrea.stupnanova@stuba.sk

Recently, Bustince et al. [4] have introduced
#�r -directional monotonicity, i.e., monotonicity
related to any non-zero directional vector #�r ∈
[0, 1]n.

Definition 1 ([4]) Let #�r ∈ Rn and F :
[0, 1]n → [0, 1]. F is called an #�r -increasing ( #�r -
decreasing) function whenever

F (x + c #�r ) ≥ F (x) (F (x + c #�r ) ≤ F (x))

for all c > 0 such that x, x + c #�r ∈ [0, 1]n.

This has inspired Lucca et al. [3] to intro-
duce pre-aggregation functions, which were later
successfully applied in fuzzy rules-based sys-
tems, classification, image processing and other
domains. Note that pre-aggregation functions

are semi-aggregation functions which are #�r -
increasing for some direction #�r .
Another recent approach exploiting direction
was introduced in [1], where we have general-
ized shift invariantness (difference scale invari-
antness) of n-ary real functions defined on [0, 1]n
introducing a new notion of directional shift-
stable functions. This new type of stability is
related to a non-zero directional n-ary vector #�r
and a real constant k expressing the output in-
crement of a function F once the increment of
its argument x is just #�r , and proportionally if
the argument x is just #�r , and proportionally if
the argument increment is c · #�r ,

F (x + c #�r ) = F (x) + kc.

In our contribution we discuss these two prop-
erties of functions based on directions, namely
the directional monotonicity and the directional
shift-invariantness, and their link to directional
derivatives. Our approach offers an alterna-
tive look on the directional monotone functions.
The second case, devoted to directional shift-
invariantness, is a new generalization of the clas-
sical shift-invariantness of functions, known also
as interval-scales invariantness [2].
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Penalty function [4,3] is usually in the form
P (x, y) = K(f(x), f(y)), where K : R → R+

is a convex function with a unique minimum
K(0) = 0 and f : I → R where I = [a, b] ⊆ R, is
a continuous strictly increasing function. Mini-
mizer of ∑n

i=1 P (xi, y) (or middle of minimizers)
generates an aggregation function.
Moderate deviation function [2] can be generally
expressed in the form D(x, y) = h(s(y) − s(x)),
where h : R → R such that h(x) = 0 if and only
if x = 0, is increasing function (not necessarily
strictly and neither necessarily continuous) and
s : I → R is a strictly increasing continuous
function. Then mid-point of the interval J of
all points y satisfying ∑n

i=1 D(xi, z) ≤ 0 for all

z < y and ∑n
i=1 D(xi, z) ≥ 0 for all z > y gener-

ates an aggregation function, too.
We will discuss the relation between the class of
all penalty-based aggregation functions and the
class of all moderate deviation functions based
aggregation functions, [2, 1].
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